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EUCLIDEAN HYPERSURFACES WITH GENUINE CONFORMAL
DEFORMATIONS IN CODIMENSION TWO.
SERGIO CHION AND RUY TOJEIRO
Abstract. In this paper we classify Euclidean hypersurfaces f : Mn → Rn+1
with a principal curvature of multiplicity n−2 that admit a genuine conformal
deformation f˜ : Mn → Rn+2. That f˜ : Mn → Rn+2 is a genuine conformal
deformation of f means that it is a conformal immersion for which there exists
no open subset U ⊂Mn such that the restriction f˜ |U is a composition f˜ |U =
h ◦ f |U of f |U with a conformal immersion h : V → R
n+2 of an open subset
V ⊂ Rn+1 containing f(U).
1. Introduction
Euclidean hypersurfaces f : Mn → Rn+1 that are free of flat (respectively, con-
formally flat) points and admit an isometric (respectively, conformal) deformation
g : Mn → Rn+1 that is not isometrically congruent (respectively, conformally con-
gruent) to f on any open subset of Mn are called Sbrana-Cartan hypersurfaces
(respectively, Cartan hypersurfaces). These two types of hypersurfaces have been
classified in the beginning of the twentieth century: in the isometric case by Sbrana
[17] and Cartan [1] for n ≥ 3, and in the conformal one by Cartan [2] for n ≥ 5.
The most interesting classes of Sbrana-Cartan (respectively, Cartan) hypersurfaces
are envelopes of certain two-parameter congruences of affine hyperplanes (respec-
tively, hyperspheres), which may admit either a one-parameter family of isometric
(respectively, conformal) deformations, or a single one. Partial results on Cartan
hypersurfaces of dimensions four and three were also obtained by Cartan in [3] and
[4], respectively.
The classification of Sbrana-Cartan hypersurfaces was extended to the case of
nonflat ambient space forms by Dajczer-Florit-Tojeiro [9]. Moreover, among other
things, in that paper it was given an affirmative answer to the question of whether
Sbrana-Cartan hypersurfaces that allow a single deformation do exist, which was
not addressed by Sbrana and Cartan.
A nonparametric description of Cartan hypersurfaces of dimension n ≥ 5 was
given in [13], where it was shown that any such hypersurface arises by intersecting
the light-cone Vn+2 in Lorentzian space Ln+3 with a flat space-like submanifold of
codimension two of Ln+3. We refer to [9] and [13], respectively, for modern accounts
of the classifications of Sbrana-Cartan and Cartan hypersurfaces.
When studying isometric or conformal deformations of a Euclidean submanifold
with codimension greater than one, one has to take into account that any sub-
manifold of a deformable submanifold already possesses the isometric or conformal
deformations induced by the latter. Therefore, it is necessary to restrict the study
to those deformations that are “genuine”, that is, those that are not induced by
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deformations of an “extended” submanifold. It is also of interest to consider de-
formations of a submanifold that take place in a possibly different codimension.
These ideas have been made precise in [6] in the isometric case, and extended to
the conformal realm in [16] as follows.
Let f : Mn → Rn+p be a conformal immersion of an n-dimensional Riemannian
manifold Mn into Euclidean space. A conformal immersion f˜ : Mn → Rn+q is said
to be a genuine conformal deformation of f if there exists no open subset U ⊂Mn
such that the restrictions f |U and f˜ |U are compositions f |U = F ◦j and f˜ |U = F˜ ◦j
of a conformal embedding j : U → Nn+ℓ into a Riemannian manifold Nn+ℓ, with
ℓ > 0, and conformal immersions F : Nn+ℓ → Rn+p and F˜ : Nn+ℓ → Rn+q:
U ⊂Mn Nn+ℓ
Rn+p
Rn+q
f |U
f˜ |U
F
F˜
j  
 ✒
❅
❅❘
✏✏
✏✏
✏✏✶
PPPPPPq
✲✄✂
In this work we are interested in the particular case in which p = 1 and q = 2.
In the isometric realm, from the assumption that f : Mn → Rn+1 admits a genuine
isometric deformation f˜ : Mn → Rn+2, it follows from Theorem 1 in [12] that
rank f , that is, the rank of the shape operator of f , must be at most 3 at any point.
The case in which rank f = 2 was solved in [10]. In the conformal instance, from
Theorem 1 of [14] it follows that a Euclidean hypersurface f : Mn → Rn+1 must
have a principal curvature λ with multiplicity greater than or equal to n − 3 at
any point if it admits a genuine conformal deformation f˜ : Mn → Rn+2. We will
study the particular case in which the multiplicity is n− 2. For the case n− 3, it
seems better to start by attempting to solve the analogous problem in the isometric
realm, which is also still open.
Hypersurfaces f : Mn → Rn+1 that have a principal curvature λ of multiplicity
n− 2 are envelopes of two-parameter congruences of hyperspheres. These are given
by a focal function h : L2 → Rn+1, the locus of centers of the hyperspheres of the
congruence, and a radius function r ∈ C∞(L), where L2 = Mn/∆ is the quotient
space of leaves of the eigendistribution distribution ∆ of λ. In terms of the model
of Euclidean space Rn+1 as a hypersurface of the light-cone Vn+2 ⊂ Ln+3, the
congruence of hyperspheres (h, r) can be represented by a surface s : L2 → Sn+21,1 ⊂
Ln+3 in the de Sitter space. With the aid of the conformal Gauss parametrization,
the hypersurface f can be recovered back from the surface s. Our approach is to
determine which such surfaces give rise to hypersurfaces f : Mn → Rn+1 that admit
genuine conformal deformations f˜ : Mn → Rn+2.
In the proof, we follow similar steps to those of the isometric case. We show in
Section 4 that the existence of a genuine conformal deformation f˜ : Mn → Rn+2
of a hypersurface f : Mn → Rn+1 with a principal curvature of multiplicity n − 2
can be encoded by a triple (D1, D2, ψ) satisfying several conditions, where Di ∈
Γ(End(∆⊥)), 1 ≤ i ≤ 2, and ψ is a one-form on Mn. This requires the preliminary
algebraic step of determining the structure of the second fundamental form of the
isometric light-cone representative of a genuine conformal deformation f˜ : Mn →
R
n+2 of f , which is carried out in Section 3.
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The next step is to prove that the triple (D1, D2, ψ) can be projected down to
a triple (D¯1, D¯2, ψ¯) on the surface s : L
2 → Sn+21,1 , and to express the conditions on
(D1, D2, ψ) in terms of simpler ones on (D¯1, D¯2, ψ¯) (see Section 5). This is one of
the main differences with respect to the approach used in the isometric case in [10],
where this reduction process was carried out in terms of the Gauss map and the
support function of the hypersurface.
The last step is to characterize the surfaces s : L2 → Sn+21,1 that carry a triple
(D¯1, D¯2, ψ¯) satisfying the aforementioned conditions. This is done in Section 6.
For the proof of the classification of Euclidean hypersurfaces f : Mn → Rn+1 that
admit genuine conformal deformations f˜ : Mn → Rn+2 in Section 7, all that was
needed was to put together the steps accomplished in the previous sections.
The main theorem of this article is, as far as we know, the first classification
result for a class of submanifolds admitting genuine conformal deformations, apart
from the classical one by Cartan of the hypersurfaces f : Mn → Rn+1 that admit
genuine conformal deformations f˜ : Mn → Rn+1. In the isometric realm, besides
the isometric version of our result in [10], isometric immersions f : Mn → Rn+2
of rank two that admit genuine isometric deformations f˜ : Mn → Rn+2 have been
classified in [7], [8] and [15].
2. Preliminaries
Two Riemannian metrics 〈 , 〉 and 〈 , 〉′ on a manifold Mn are conformal if
there exists a positive function ϕ ∈ C∞(M) such that 〈 , 〉′ = ϕ2〈 , 〉. The func-
tion ϕ is called the conformal factor of 〈 , 〉′ with respect to 〈 , 〉. An immersion
f : Mn → M¯m between Riemannian manifolds is conformal if its induced metric
〈 , 〉f is conformal to the Riemannian metric 〈 , 〉 of Mn, and the conformal factor
of f is the conformal factor of 〈 , 〉f with respect to 〈 , 〉.
Let Lm+2 be the (m+ 2)–dimensional Minkowski space, that is, Rm+2 endowed
with a Lorentz scalar product of signature (−,+, . . . ,+), and let
V
m+1 = {p ∈ Lm+2 : 〈p, p〉 = 0, p 6= 0}
denote the light cone in Lm+2. Then
E
m = Emw = {p ∈ Vm+1 : 〈p, w〉 = 1}
is a model ofm–dimensional Euclidean space for any w ∈ Vm+1. Namely, if p0 ∈ Em
and C : Rm → span{p0, w}⊥ ⊂ Lm+2 is a linear isometry, the triple (p0, w, C) gives
rise to an isometric embedding Ψ = Ψp0,w,C : R
m → Lm+2 defined by
Ψ(x) = p0 + Cx − 1
2
‖x‖2w
that has Em as image and whose second fundamental form is
αΨ(Z,W ) = −〈Z,W 〉w for all Z,W ∈ X(Rm). (1)
Hyperspheres can be nicely described in the model Em of m-dimensional Eu-
clidean space: given a hypersphere S ⊂ Rm with (constant) mean curvature H
with respect to a unit normal vector field N along S, then v = HΨ+Ψ∗N ∈ Lm+2
is a constant space-like vector of unit length, as follows by differentiating the right-
hand-side. Moreover, 〈v,Ψ(q)〉 = 0 for all q ∈ S, and hence Ψ(S) = Em ∩ {v}⊥.
In this way, (oriented) hyperspheres of Rn+1 are in one-to-one correspondence
with points of the Lorentzian sphere Sn+21,1 = {p ∈ Ln+3 : 〈p, p〉 = 1}. Therefore,
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given an oriented hypersurface f : Mn → Rn+1 and smooth maps h : Mn → Rm
and R ∈ C∞(M), R > 0, a sphere congruence x ∈ Mn 7→ S(h(x), R(x)), with
radius function R and h as the locus of centers, which is enveloped by f , that is,
f(x) ∈ S(h(x), r(x)) and f∗TxM ⊂ Tf(x)S(h(x), r(x))
for all x ∈Mn, can be identified with the map S : Mn → Sn+21,1 given by
S(q) =
1
R(q)
Ψ(f(q)) + Ψ∗(f(q))N(q), (2)
where N is a unit normal vector field along f .
If a hypersurface f : Mn → Rn+1 envelops a k-parameter congruence of hyper-
spheres S : Mn → Sn+21,1 , 1 ≤ k ≤ n − 1, that is, the map S has rank k, then
f has a principal curvature λ such that kerS∗(x) ⊂ Eλ(x) for all x ∈ Mn, with
kerS∗(x) = Eλ(x) for all x in an open dense subset of Mn, on which λ is con-
stant along Eλ. Conversely, any hypersurface f : M
n → Rn+1 that carries a Dupin
principal curvature of multiplicity n− k envelops a k-parameter congruence of hy-
perspheres. Recall that a principal curvature λ is Dupin if λ is constant along Eλ,
which is always the case if the multiplicity of λ is at least two. Therefore, in this
case the congruence of hyperspheres S gives rise to a map s : Lk → Sn+21,1 defined
on the quotient space Lk of leaves of Eλ.
Let us fix w = (w0, . . . , wn+2) ∈ Vm+1 ⊂ Lm+2 with w0 < 0, so that Em
is contained in the upper half Vm+1+ of V
m+1. Then, any conformal immersion
f : Mn → Rm with conformal factor ϕ ∈ C∞(M) gives rise to an isometric immer-
sion I(f) : Mn → Vm+1+ into the light-cone of Lm+2, given by
I(f) = 1
ϕ
Ψ ◦ f,
called its isometric light-cone representative. Conversely, any isometric immersion
F : Mn → Vm+1+ rRw gives rise to a conformal immersion C(F ) : Mn → Rm with
conformal factor 1/〈F,w〉 given by
Ψ ◦ C(F ) = Π ◦ F,
where Π: Vm+1+ r Rw → Em, Rw = {tw : t < 0}, denotes the projection onto Em
given by Π(u) = u/〈u,w〉. Moreover, for any conformal immersion f : Mn → Rm
and for any isometric immersion F : Mn → Vm+1+ rRw one has
C(I(f)) = f and I(C(F )) = F.
Two immersions f, g : Mn → Rm are said to be conformally congruent if g = τ ◦f
for some conformal transformation τ of Rm. The next result is well-known.
Proposition 2.1. Two conformal immersions f, g : Mn → Rm are conformally
congruent if and only if their isometric light-cone representatives I(f), I(g) : Mn →
V
m+1
+ ⊂ Lm+2 are isometrically congruent.
3. Light-cone representatives of conformal deformations
In this section we show how nongenuine conformal deformations f˜ : Mn → Rn+2
of a hypersurface f : Mn → Rn+1 can be characterized in terms of their isometric
light-cone representatives, and study the structure of the second fundamental form
of the isometric light-cone representative of a genuine conformal deformation.
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3.1. Characterizing nongenuine conformal deformations. Given conformal
immersions f : Mn → Rn+1 and f˜ : Mn → Rn+p, the following result characterizes,
in terms of their isometric light-cone representatives, when f˜ is the composition
f˜ = h ◦ f of f with a conformal immersion h : V → Rn+p of an open subset
V ⊂ Rn+1 containing f(Mn).
Proposition 3.1. Let f : Mn → Rn+1 and f˜ : Mn → Rn+p be conformal immer-
sions. Endow Mn with the metric induced by f and let F : Mn → Vn+2 ⊂ Ln+3
and F˜ : Mn → Vn+p+1 ⊂ Ln+p+2 be the light-cone representatives of f and f˜ ,
respectively. Given an open set U ⊂ Mn, there exists a conformal immersion
h : V → Rn+p of an open subset V ⊃ f(U) of Rn+1 such that f˜ |U = h ◦ f |U if and
only if there exists an isometric immersion H : W → Vn+p+1 of an open subset
W ⊃ F (U) of Vn+2 such that F˜ |U = H ◦ F |U .
Proof. Assume first that H : W → Vn+p+1 is an isometric immersion of an open
subset W ⊃ F (U) of Vn+2 such that F˜ |U = H ◦ F |U . Define V = Ψ−1(W ) and
consider H ◦ Ψ: V → Vn+p+1. Then h = C(H ◦ Ψ): V → Rn+p is a conformal
immersion and
f˜ |U = C(F˜ |U ) = C(H ◦ F |U ) = C(H ◦Ψ) ◦ f |U = h ◦ f |U .
Conversely, let h : V → Rn+p be a conformal immersion of an open subset V ⊃
f(U) of Rn+1 such that f˜ |U = h ◦ f |U . Let H : Ψ(V ) → Vn+p+1 ⊂ Ln+p+2 be
defined by I(h) = H ◦Ψ. Then
C(H ◦ F |U ) = C(H ◦Ψ) ◦ f |U = h ◦ f |U = f˜ |U ,
hence F˜ |U = H ◦F |U by Proposition 2.1. Now extend H to an isometric immersion
H : W ⊂ Vn+2 → Vn+p+1 by setting H(tΨ(x)) = tH(Ψ(x)) for any x ∈ V . 
In order to apply Proposition 3.1, one must have sufficient conditions on a pair
of isometric immersions F : Mn → Vn+2 ⊂ Ln+3 and F˜ : Mn → Vn+p+1 ⊂ Ln+p+2
which imply the existence of an isometric immersion H : W → Vn+p+1 of an open
subset W ⊃ F (Mn) of Vn+2 such that F˜ = H ◦ F . This is the content of the next
lemma in the case of interest to us in this work, namely, the case p = 2.
Lemma 3.2. Let F : Mn → Vn+2 ⊂ Ln+3 and F˜ : Mn → Vn+3 ⊂ Ln+4 be iso-
metric immersions, and suppose that F is an embedding. Assume that there exist
ξ ∈ Γ(NF˜M) of unit length, with 〈ξ, F˜ 〉 = 0, rankAF˜ξ = 1 and F˜∇⊥Z ξ = 0 for all
Z ∈ kerAF˜ξ , and a parallel vector bundle isometry T : NFM → L = {ξ}⊥ with
respect to the induced connection on L such that TF = F˜ and
αF˜ = T ◦ αF +
〈
AF˜ξ ,
〉
ξ.
Then, there exists an isometric immersion H : W → Vn+3 of an open subset W ⊂
Vn+2 containing F (M) such that F˜ = H ◦ F .
Proof. Let Y ∈ (kerAξ)⊥ be an eigenvector of Aξ having β as the unique non-zero
eigenvalue. Then
W =
{(
∇˜Xξ
)
F˜∗TM⊕L
: X ∈ X(M)
}
is a line subbundle of R(F˜∗Y ) ⊕ L spanned by the vector field −βF˜∗Y + ∇⊥Y ξ.
Its orthogonal complement Γ in R(F˜∗Y ) ⊕ L is a rank-3 subbundle such that Γ ∩
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F˜∗TM = {0} and ∇˜Xδ ∈ F˜∗TM ⊕ L for any section δ of Γ. Moreover, since
the position vector field F˜ is parallel in the normal connection and is everywhere
orthogonal to ξ by assumption, it is a section of Γ. Define a vector-bundle isometry
T : F∗TM ⊕NFM → F˜∗TM ⊕ L by setting
T (F∗Y + η) = F˜∗Y + Tη
for all Y ∈ X(M) and η ∈ Γ(NFM). The vector subbundle Ω = T −1(Γ) is transver-
sal to F∗TM , because Γ∩F˜∗TM = {0}. Also, the position vector field F is a section
of Ω, for TF = F˜ . Since F is an embedding, the map G : Ω→ Ln+3 defined by
G(e) = F (x) + e,
where π : Ω → Mn is the projection and x = π(e), parametrizes a tubular neigh-
borhood of F (Mn) if restricted to a neighborhood U of the 0-section of Ω. Endow
U with the Lorentzian metric induced by G. For a vertical vector Z ∈ TeΩ we have
G∗(e)Z = Z. On the other hand, any nonvertical vector Z ∈ TeΩ can be written
as Z = ζ∗X for some ζ ∈ Γ(Ω) with ζ(x) = e and X ∈ TxM . Writing ζ = F∗Y + η,
with Y ∈ X(M) and η ∈ Γ(NFM), we have
G∗(e)Z = F∗X + ∇˜X (F∗Y + η)
= F∗
(
X +∇XY −AFη X
)
+ αF (X,Y ) +F ∇⊥Xη.
We claim that the map G˜ : Ω→ Ln+4, defined by
G˜(e) = F˜ (x) + T (e),
with x = π(e), is an isometric immersion on U , that is, ||G˜∗(e)Z|| = ||G∗(e)Z|| for
all e ∈ U and Z ∈ TeU . To prove this, it suffices to show that
G˜∗(e)Z = TG∗(e)Z (3)
for all e ∈ U and Z ∈ TeU , for then the claim follows from the fact that T is a
vector bundle isometry.
For any vertical Z ∈ TeU , (3) follows from G˜∗(e)Z = TZ = TG∗(e)Z. If
Z = ζ∗X for some ζ = F∗Y + η ∈ Γ(Ω), with ζ(x) = e, X ∈ TxM , Y ∈ X(M) and
η ∈ Γ(NFM), since T ζ ∈ Γ then (3) follows from
G˜∗(e)Z = F˜∗X + ∇˜X(F˜∗Y + Tη)
= F˜∗
(
X +∇XY −AF˜TηX
)
+ αF˜L (X,Y ) + (
F˜∇⊥XTη)L
= T
(
F∗X +∇XY −AFη Y + αF (X,Y ) +F ∇⊥Xη
)
= TG∗(e)Z.
Now define H : G(U) ⊂ Ln+3 → Ln+4 by H(G(e)) = G˜(e) for any e ∈ U . Then
H is an isometric immersion and F˜ = H ◦ F . Define an open set in Vn+2 by
W = G(U) ∩ Vn+2. Because F (Mn) ⊂ G(U) and F : Mn → Vn+2 ⊂ Ln+3, it is
clear that F (Mn) ⊂W . The only thing left to prove is that H(W ) ⊂ Vn+3. To see
this, choose local sections δ1, δ2 of Γ such that {F˜ , δ1, δ2} is a frame for Γ. Then
{F, δ¯1, δ¯2}, where T (δ¯i) = δi, is a frame for Ω. From the definition of G and because
G(U) is a tubular neighborhood of F (Mn), we may write G : U × I3 → Ln+3 as
G(x, t, s1, s2) = (1 + t)F (x) + s1δ¯1 + s2δ¯2
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and G˜ : U × I3 → Ln+4 as
G˜(x, t, s1, s2) = (1 + t)F˜ (x) + s1δ1 + s2δ2,
where I is an interval containing zero. Since G˜ = H ◦G, we have〈
δ1, δ2
〉
=
〈
G˜∗∂s1 , G˜∗∂s2
〉
=
〈
G∗∂s1 , G∗∂s2
〉
=
〈
δ¯1, δ¯2
〉
and 〈
F˜ , δi
〉
=
〈
G˜∗∂t, G˜∗∂si
〉
=
〈
G∗∂t, G∗∂si
〉
=
〈
F, δi
〉
.
Hence,
〈
H(G), H(G)
〉
=
〈
G˜, G˜
〉
=
〈
G,G
〉
, which implies that H(W ) ⊂ Vn+3. 
We will also need the following slightly more general version of Lemma 3.2.
Lemma 3.3. Let F˜ : Mn → Vn+3 ⊂ Ln+4 be an isometric immersion of a Rie-
mannian manifold. Assume that there exists ξ ∈ Γ(NF˜M) of unit length such that〈
ξ, F˜
〉
= 0, rankAF˜ξ = 1 and
F˜∇⊥Zξ = 0 for all Z ∈ kerAF˜ξ . Suppose further
that the vector subbundle L = {ξ}⊥, the connection on L induced by the normal
connection of F˜ , and the L-valued symmetric bilinear form αL = πL ◦ αF˜ satisfy
the Gauss, Codazzi and Ricci equations for an isometric immersion of Mn into
L
n+3. Then there exist, locally, isometric immersions F : Mn → Vn+2 ⊂ Ln+3 and
H : W ⊂ Vn+2 → Vn+3 with F (M) ⊂W , such that F˜ = H ◦ F .
Proof. Since the assertion is of local nature, we may assume that Mn is simply
connected. By the Fundamental Theorem of Submanifolds, there exist an isometric
immersion F : Mn → Ln+3 and a vector bundle isometry φ : L→ NFM such that
αF = φ ◦ αF˜L and F∇⊥φ = φ(F˜∇⊥)L. (4)
Since
〈
ξ, F˜
〉
= 0, the position vector field F˜ is a section of L. Hence
∇˜Xφ(F˜ ) = −F∗AFφ(F˜ )X +F ∇⊥Xφ(F˜ ) = F∗X.
Therefore, the section F −φ(F˜ ) is constant, say, F −φ(F˜ ) = P0 ∈ Ln+3. Since φ is
a vector bundle isometry and F˜ is a light-like section, it follows that F−P0 ∈ Vn+2.
Without loss of generality we may assume that P0 = 0, and so φ(F˜ ) = F .
Define T : NFM → L by T ◦φ = I. Since NFM and L have the same dimension
and T : NFM → L, φ : L→ NFM are vector bundle isometries with T ◦ φ = I, we
have φ ◦ T = I. Then
φ(F˜∇⊥T )L = F∇⊥(φ ◦ T ) = F∇⊥
and TF = F˜ . Moreover, applying T to both sides of the last equation, we get
(F˜∇⊥T )L = T (F∇⊥),
which means that T is parallel in the induced connection. From (4) we get
αF˜ (X,Y ) = πL ◦ αF˜ (X,Y ) + 〈AξX,Y 〉 ξ = T ◦ αF (X,Y ) + 〈AξX,Y 〉 ξ.
We finish by applying the previous lemma to F |V , where V ⊂ Mn is an open
neighborhood of a given point of Mn such that F |V is an embedding. 
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3.2. Structure of the second fundamental form. Let f : Mn → Rn+1 be an
isometric immersion with a nowhere vanishing principal curvature λ of multiplicity
n−2. Assume that f is not a Cartan hypersurface and admits a genuine conformal
deformation f˜ : Mn → Rn+2. Our aim in this section is to describe the structure
of the second fundamental form of the isometric light-cone representative of f˜ .
We will make use of the following basic result on flat bilinear forms known as
the Main Lemma (see [5]). Recall that a bilinear form β : V × V →W is flat with
respect to an inner product on W if for all X,Y, Z,W ∈ V we have
〈β(X,Y ), β(Z,W )〉 − 〈β(X,W ), β(Z, Y )〉 = 0.
Lemma 3.4. Let β : V n × V n →W p,q be a symmetric flat bilinear form such that
S(β) =W p,q. If p ≤ 5 and p+ q < n, then
dimN (β) ≥ dimV − dimW = n− p− q,
where N (β) = {Y ∈ V : β(X,Y ) = 0 for all X ∈ V }.
The remaining of this section is devoted to proving the following result.
Proposition 3.5. Let f : Mn → Rn+1, n ≥ 6, be an oriented hypersurface with a
nowhere vaninhing principal curvature λ of constant multiplicity n− 2 that is not a
Cartan hypersurface on any open subset of Mn. Assume that f admits a genuine
conformal deformation f˜ : Mn → Rn+2 and let F˜ = I(f˜) : Mn → Vn+3 ⊂ Ln+4 be
its isometric light-cone representative. Then, for each x ∈Mn there exist a space-
like vector µ ∈ NF˜M(x) of unit length and a flat bilinear form γ : TxM × TxM →
span{µ}⊥ such that
αF˜ (X,Y ) = 〈AX, Y 〉µ+ γ(X,Y ) (5)
for all X,Y ∈ TxM . Moreover, λ = −
〈
µ, F˜
〉−1
and N (γ) coincides with the
eigenspace Eλ = ker (A− λI) of λ at x.
Proof. Differentiating F˜ = ϕ−1(Ψ ◦ f˜) we get
F˜∗X = X(ϕ−1)(Ψ ◦ f˜) + ϕ−1Ψ∗f˜∗X.
Thus, the normal bundle NF˜M of F˜ splits orthogonally as
NF˜M = Ψ∗Nf˜M ⊕ L2 (6)
where L2 is a Lorentzian plane bundle having the position vector field F˜ as a section.
Hence, there exist unique sections ξ and η of L2 such that 〈ξ, ξ〉 = −1, 〈ξ, η〉 = 0,
〈η, η〉 = 1 and F˜ = ξ + η. At any x ∈ Mn, endow W (x) = NfM(x) ⊕ NF˜M(x)
with the indefinite metric of type (2, 3) given by
〈〈 , 〉〉W (x) = 〈 , 〉NfM(x) − 〈 , 〉NF˜M(x) .
Define a symmetric bilinear form by
β = αf ⊕ αF˜ : TxM × TxM →W (x).
From 〈
αF˜ (X,Y ), F˜
〉
= −〈X,Y 〉 (7)
we deduce that N (αF˜ ) = {0}, and hence N (β) = {0}, for N (β) ≤ N (αF˜ ). More-
over, the Gauss equations for f and F˜ imply that β is flat with respect to 〈〈 , 〉〉.
From Lemma 3.4 for the case (p, q) = (2, 3), and since n ≥ 6, it follows that S(β)
is degenerate, that is, the isotropic vector subspace Ω = S(β)∩S(β)⊥ is non-trivial.
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Since the inner-product 〈〈 , 〉〉 is positive definite on W1 = span{N, ξ} and negative
definite on W2 = Ψ∗Nf˜M ⊕ span{η}, the orthogonal projections P1 : W →W1 and
P2 : W → W2 map Ω isomorphically onto P1(Ω) and P2(Ω), respectively. Since
dimS(β)+dimS(β)⊥ = 5, it follows that dimΩ = 1 or dimΩ = 2. Our first step is
to show that our assumption that f˜ is a genuine conformal deformation of f implies
that the second possibility can not occur at any point of Mn.
Assume first that there is an open subset U ⊂ Mn where dimΩ = 2 and that
β is null, that is, S(β) ⊂ S(β)⊥. Since P1|Ω is an isomorphism onto W1 along U ,
due to dimensional reasons, there exists ζ ∈ Ω be such that P1(ζ) = ξ. Therefore
ζ is a light-like vector in S(αF˜ )⊥. Moreover, F˜ and ζ2 =
〈
ζ, F˜
〉−1
ζ are linearly
independent by (7), with
〈
ζ2, F˜
〉
= 1. Let ν ∈ Ω be such that P1(ν) = N . Then
ν = N + µ˜, where µ˜ ∈ NF˜U is a space-like vector of unit length. From
0 =
〈
β(X,Y ), N + µ˜
〉
=
〈
αf (X,Y ), N
〉− 〈αF˜ (X,Y ), µ˜〉,
we conclude that A = AN coincides with A
F˜
µ˜ . Because ν, ζ ∈ Ω, we have 0 =
〈ν, ζ〉 = 〈µ˜, ζ〉 = 〈µ˜, ζ2〉. Define µ = µ˜ −
〈
µ˜, F˜
〉
ζ2 and choose a space-like vector
ζ1 ∈ {µ, ζ2, F˜}⊥ of unit length. Then {µ, ζ1, ζ2, F˜} is a pseudo-orthonormal frame
with respect to which the second fundamental of F˜ is given by
αF˜ (X,Y ) = 〈AX, Y 〉µ+ 〈Aζ1X,Y 〉 ζ1 − 〈X,Y 〉 ζ2. (8)
Since β is null, we must have Aζ1 = 0. From the Codazzi equations of f and F˜ for
A = Aµ we get 〈∇⊥Xµ, ζ2〉Y = 〈∇⊥Y µ, ζ2〉X.
Hence
〈∇⊥Xµ, ζ2〉 = 0. From the Codazzi equation for Aζ1 = 0, we arrive to〈∇⊥Xζ1, µ〉AY − 〈∇⊥Xζ1, ζ2〉Y = 〈∇⊥Y ζ1, µ〉AX − 〈∇⊥Y ζ1, ζ2〉X.
Picking an orthonormal frame of eigenvectors X1, · · · , Xn of A correspondent to
the principal curvatures λ1, · · · , λn, respectively, with λ1 = · · · = λn−2 = λ 6= 0,
we obtain for i 6= j that λj
〈∇⊥Xiζ1, µ〉 = 〈∇⊥Xiζ1, ζ2〉 , hence 〈∇⊥Xiζ1, ζ2〉 = 0 =〈∇⊥Xiζ1, µ〉 for i = 1, · · · , n. Therefore µ,ζ1,ζ2 and F˜ are parallel normal sections.
Let f¯ : U → Rn+2 be the composition of f |U with a totally geodesic inclusion
i : Rn+1 → Rn+2. Then the second fundamental form of its isometric light-cone
representative F¯ : U → Vn+3 ⊂ Ln+4 is
αF¯ (X,Y ) =
〈
AX, Y
〉
Ψ∗i∗N −
〈
X,Y
〉
w.
Let N¯ be a unit normal vector field to i along f |U . Then, the vector bundle isometry
τ : NF¯U → NF˜U given by
τΨ∗i∗N = µ, τΨ∗N¯ = ζ1, τ F¯ = F˜ and τw = ζ2
is parallel and satisfies ταF¯ = αF˜ |U . It follows from the Fundamental Theorem of
Submanifolds that F˜ |U and F¯ are congruent, and hence f˜ |U is conformally congru-
ent to f¯ = i ◦ f |U by Proposition 2.1, which contradicts the assumption that f˜ is a
genuine conformal deformation of f .
Now assume that there is an open subset U ⊂Mn where dimΩ = 2 and β is not
null. As in the previous case, there exists a pseudo-orthonormal frame {µ, ζ1, ζ2, F˜}
with respect to which the second fundamental form of F˜ is given by (8), but now,
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since the bilinear form 〈Aζ1 , 〉 is flat and β is not null, we must have dimkerAζ1 =
n− 1. From the Codazzi equation for A = Aµ we get〈∇⊥Xµ, ζ1〉Aζ1Y − 〈∇⊥Xµ, ζ2〉Y = 〈∇⊥Y µ, ζ1〉Aζ1X − 〈∇⊥Y µ, ζ2〉X.
For X , Y ∈ kerAζ1 we conclude that kerAζ1 ≤ kerω2, where ωi, i = 1, 2, are the
one-forms defined by ωi(Y ) =
〈∇⊥Y µ, ζi〉. If X ∈ kerAζ1 and Y is an eigenvector of
Aζ1 with respect to the unique non-zero eigenvalue, we get〈∇⊥Xµ, ζ1〉Aζ1Y = − 〈∇⊥Y µ, ζ2〉X.
Therefore, ω2 = 0 and kerAζ1 ≤ kerω1.
Let F : Mn → Vn+2 ⊂ Ln+3 be the isometric light-cone representative of the
hypersurface f : Mn → Rn+1, whose second fundamental form is given by
αF (X,Y ) = 〈AX, Y 〉Ψ∗N − 〈X,Y 〉w
for all X,Y ∈ X(M). Define a vector bundle isometry T : NFU → L = {ζ1}⊥ by
T (F ) = F˜ , T (Ψ∗N) = µ and T (w) = ζ2.
Then the second fundamental forms of F |U and F˜ |U are related by
αF˜ = T ◦ αF + 〈Aζ1 ·, ·〉 ζ1.
Moreover, using that ω2 = 0 one can easily check that T is parallel with respect
to the induced connection on L. Since kerAζ1 ≤ kerω1, it follows from Lemma 3.2
that, restricted to any open subset U1 ⊂ U where F is an embedding, F˜ |U1 is a
composition F˜ |U1 = H◦F |U1 of F |U1 with an isometric immersionH : W ⊂ Vn+2 →
Vn+3 with F (U1) ⊂ W . By Proposition 3.1, there exists a conformal immersion
h : V → Rn+p of an open subset V ⊃ f(U1) of Rn+1 such that f˜ |U1 = h ◦ f |U1 ,
contradicting the assumption that f˜ is a genuine conformal deformation of f .
In summary, the subspace Ω must be one-dimensional at any point of Mn. The
next step is to show that β can not be null at any point of Mn. Assume otherwise
that β is null at x ∈ Mn. If Ω = S(β) projects onto span{ξ} under P1, then
A = 0, a contradiction. Suppose now that P1(Ω) 6= span{ξ}. This is equivalent
to requiring that the orthogonal projection Π1 : W → NfM map Ω isomorphically
onto NfM , say, N = Π1(ν) for some ν ∈ Ω. Set µ = Π2(ν), where Π2 : W → NF˜M
is the orthogonal projection onto NF˜M . Then A = A
F˜
µ , for N + µ = ν ∈ Ω =
S(β) ⊂ S(β)⊥, and hence
β(X,Y ) =
(
αf (X,Y ), αF˜ (X,Y )
)
=
( 〈AX, Y 〉N, 〈AX, Y 〉µ).
Therefore,
−〈X,Y 〉 = 〈αF˜ (X,Y ), F˜〉 = 〈AX, Y 〉〈µ, F˜〉,
contradicting the fact that the principal curvature λ has multiplicity n − 2. Thus
β is not null.
We now show that there is no point of Mn where P1(Ω) = span{ξ}. Suppose
otherwise that P1(Ω) = span{ξ} at x. Then, a light-like vector ζ spanning Ω
belongs to S(αF˜ )⊥, and from (7) it follows that F˜ /∈ Ω. Thus ζ2 =
〈
ζ, F˜
〉−1
ζ and
F˜ form a pseudo-orthonormal frame of a Lorentzian plane L, and the L-component
of the second fundamental form of F˜ is given by αF˜L(X,Y ) = −〈X,Y 〉 ζ2. Hence
αF˜ (X,Y ) = 〈Aζ0X,Y 〉 ζ0 + 〈Aζ1X,Y 〉 ζ1 − 〈X,Y 〉 ζ2,
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where {ζ0, ζ1, ζ2, F˜} is a pseudo-orthonormal basis of NF˜M(x). Since dimΩ = 1,
the bilinear form βˆ : TxM × TxM → span{N, ζ0, ζ1} defined by
βˆ = αf ⊕ 〈αF˜ , ζ0〉ζ0 ⊕ 〈αF˜ , ζ1〉ζ1
is flat and nondegenerate, hence dimN (βˆ) ≥ n− 3 by Lemma 3.4. From
N (βˆ) = kerA ∩ kerAζ0 ∩ kerAζ1
it follows that λ must be zero, contradicting the assumption.
Therefore P1(Ω) 6= span{ξ} at any point of Mn. Then, as in the case when β
was assumed to be null, there exists ν ∈ Ω such that ν = N + µ, with µ of unit
length and A = Aµ. Hence
αF˜ (X,Y ) = 〈AX, Y 〉µ+ γ(X,Y )
for γ : TxM×TxM → {µ}⊥ a flat nondegenerate bilinear form. Thus N (γ) ≥ n− 3
by Lemma 3.4. If T ∈ N (γ), then
−〈T, Y 〉 = 〈αF˜ (T, Y ), F˜〉 = 〈AT, Y 〉〈µ, F˜〉,
hence
〈
µ, F˜
〉
is non-zero and λ = −〈µ, F˜〉−1, with N (γ) ≤ Eλ. To complete the
proof, it remains to show that N (γ) = Eλ, that is, dimN (γ) = n− 2.
Assume, by contradiction, that ∆ = N (γ) has dimension n − 3 on some open
subset U ⊂ Mn. We will prove that f˜ |U = h ◦ g, where g : U → Rn+1 is a genuine
conformal deformation of f and h : V ⊂ Rn+1 → Rn+2 is a conformal immersion of
an open subset containing f(U). In particular, it will follow that f |U is a Cartan
hypersurface, contradicting our assumption.
Defining ζ = λF˜+µ, we have 〈ζ, ζ〉 = −1, 〈ζ, µ〉 = 0 and Aζ = A−λI. Therefore,
if T ∈ Eλ ∩∆⊥, then 0 6= γT (TxM) ≤ span{µ, ζ}⊥ at any x ∈ U . We claim that
γT (TxM) has dimension one. Assume otherwise, and let X ∈ kerγT ∩∆⊥. Then
0 = 〈γ(T,X), γ(Z,W )〉 = 〈γ(T,W ), γ(X,Z)〉
for all Z, W ∈ TxM by the flatness of γ, and hence γX(TxM) ≤ span{ζ}. Notice
that γX(TxM) can not be trivial, for X ∈ ∆⊥, thus γX(TxM) = span{ζ}. Using
again the flatness of γ, we obtain that γY (TxM) ≤ {ζ}⊥, or equivalently, Y ∈
kerAζ = Eλ, for all Y ∈ ker γX . This contradicts the fact that λ has multiplicity
n− 2 and proves the claim.
Let {µ, ζ1, ζ2, ζ} be an orthonormal frame of NF˜U with γT (TxM) = span{ζ1}
for all x ∈ U . Flatness of γ now implies that X ∈ kerγT if and only if γX(TxM) ≤
{ζ1}⊥, that is, if and only if X ∈ kerAζ1 . Thus rankAζ1 = 1. Moreover, since
rankAζ = rank (A− λI) = 2 and γ is nondegenerate, we must have
Aζ2 6= ±Aζ . (9)
Define the symmetric bilinear form
γˆ = γ − 〈γ, ζ1〉 ζ1 = 〈γ, ζ2〉 ζ2 − 〈γ, ζ〉 ζ : TxM × TxM → span{ζ2, ζ}.
Using that rankAζ1 = 1, from the flatness and nondegeneracy of γ it follows easily
that γˆ is also flat and nondegenerate. By Lemma 3.4, we have that dimN (γˆ) ≥
n− 2, and since N (γˆ) ≤ kerAζ2 , it follows that rankAζ2 ≤ 2. If rankAζ2 ≤ 1, then
γˆ − 〈γ, ζ2〉 ζ2 = −〈γ, ζ〉 ζ would be flat. Also, it is nondegenerate, because ζ is a
time-like unit vector. Thus, Lemma 3.4 would imply that dimN (Aζ) ≥ n−1, which
is impossible, because Aζ = A − λI has rank two. Therefore, rankAζ2 = 2. Also,
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since N (γˆ) = kerAζ2 ∩ kerAζ and dim kerAζ2 = dimkerAζ = n− 2, we must have
kerAζ2 = kerAζ . Observe also that kerAζ2 can not be contained in kerAζ1 , because
∆ = kerAζ2 ∩ kerAζ1 has dimension n− 3. Equivalently, ImgAζ1 ∩ ImgAζ2 = {0}.
From the Codazzi equation for Aµ = A we have that A∇⊥
X
µY = A∇⊥
Y
µX , and
taking into consideration that ∇⊥Xζ = X(λ)F˜ +∇⊥Xµ we get〈∇⊥Xµ, ζ1〉Aζ1Y + 〈∇⊥Xµ, ζ2〉Aζ2Y − λ−1X(λ)AζY
=
〈∇⊥Y µ, ζ1〉Aζ1X + 〈∇⊥Y µ, ζ2〉Aζ2X − λ−1Y (λ)AζX.
For Y = R ∈ ∆ and X ∈ kerAζ1 ∩ Eλ, the preceding equation gives〈∇⊥Rµ, ζ2〉 = 0 for R ∈ ∆. (10)
For Y = R ∈ ∆, X ∈ (kerAζ1)⊥ and using (10) we obtain〈∇⊥Rµ, ζ1〉 = 0, for R ∈ ∆. (11)
Using that
〈∇⊥Xζ1, µ〉 = 〈∇⊥Xζ1, ζ〉 and Aζ = A − λI, the Codazzi equation for
Aζ1 gives
∇XAζ1Y −Aζ1∇XY − λ
〈∇⊥Xζ1, µ〉Y − 〈∇⊥Xζ1, ζ2〉Aζ2Y
= ∇Y Aζ1X −Aζ1∇YX − λ
〈∇⊥Y ζ1, µ〉X − 〈∇⊥Y ζ1, ζ2〉Aζ2X.
For Y = R ∈ ∆ and X ∈ kerAζ1 and using (11) we get
−Aζ1∇XR − λ
〈∇⊥Xζ1, µ〉R = −Aζ1∇RX − 〈∇⊥Rζ1, ζ2〉Aζ2X,
hence 〈∇⊥Xζ1, µ〉 = 0 for X ∈ kerAζ1 . (12)
Now, for X , Y ∈ kerAζ1 , and using (12), we have
−Aζ1∇XY −
〈∇⊥Xζ1, ζ2〉Aζ2Y = −Aζ1∇YX − 〈∇⊥Y ζ1, ζ2〉Aζ2X,
thus 〈∇⊥Xζ1, ζ2〉 = 0 for X ∈ kerAζ1 . (13)
It follows from (12), (13) and
〈∇⊥Xζ1, µ〉 = 〈∇⊥Xζ1, ζ〉 that ζ1 is parallel along
kerAζ1 .
Define the rank-3 subbundle L by L = {ζ1}⊥. Since Aζ1 has rank 1, the L-
component αF˜L satisfies the Gauss equations for an isometric immersion of U into
Ln+3. We now show that (αF˜L , (∇⊥)L) also satisfies the Codazzi and Ricci equations.
The Codazzi equation for Aµ = A with respect to (∇⊥)L reduces to〈∇⊥Xµ, ζ2〉Aζ2Y − 〈∇⊥Xµ, ζ〉AζY = 〈∇⊥Y µ, ζ2〉Aζ2X − 〈∇⊥Y µ, ζ〉AζX.
Because A∇⊥
X
µY = A∇⊥
Y
µX , it suffices to show that〈∇⊥Xµ, ζ1〉Aζ1Y = 〈∇⊥Y µ, ζ1〉Aζ1X.
But this holds because dimkerAζ1 = n − 1 and ζ1 is parallel along kerAζ1 . The
other Codazzi equations are proved in a similar way.
Let us move on to the Ricci equations. Using the Ricci equation for F˜ involving
µ and ζ2, the corresponding one for the pair (α
F˜
L , (∇⊥)L) reduces to〈∇⊥Xζ1, ζ2〉 〈∇⊥Y µ, ζ1〉− 〈∇⊥Xµ, ζ1〉 〈∇⊥Y ζ1, ζ2〉 = 0,
which is true because dim kerAζ1 = n − 1 and ζ1 is parallel along kerAζ1 . The
remaining Ricci equations for (αF˜L , (∇⊥)L) follow in a similar way.
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By Lemma 3.3, there exist, locally, isometric immersions G : Mn → Vn+2 ⊂
Ln+3 and H : W ⊂ Vn+2 → Vn+3 with G(M) ⊂ W , such that F˜ = H ◦ G.
By Lemma 3.1, there exist, locally, conformal immersions g : Mn → Rn+1 and
h : V → Rn+2, of an open subset V ⊂ Rn+1 containing g(M), such that f˜ = h ◦ g.
We now argue that g is a genuine conformal deformation of f . Suppose, on the
contrary, that f and g are conformally congruent. Then, from Proposition 3.1, their
isometric light-cone representatives F and G are isometrically congruent, that is,
there exist an isometry T : Ln+3 → Ln+3 such that G = T ◦ F . Since the second
fundamental form of G is
αG(X,Y ) = 〈AX, Y 〉µ+ 〈Aζ2X,Y 〉 ζ2 − 〈AζX,Y 〉 ζ,
and that of F is
αF (X,Y ) = 〈AX, Y 〉Ψ∗N − 〈X,Y 〉w,
it is easy to see that the condition αG = T ◦ αF would imply that Aζ2 = ±Aζ , a
contradiction with (9). 
4. The triple (D1, D2, ψ)
The aim of this section is to show that, for a hypersurface f : Mn → Rn+1 that
carries a nowhere vanishing principal curvature of constant multiplicity n− 2 and
is not a Cartan hypersurface on any open subset of Mn, the existence of a genuine
conformal deformation f˜ : Mn → Rn+2 is equivalent to f being a hyperbolic or
elliptic hypersurface on which one can define a pair of tensorsD1, D2 and a one-form
ψ satisfying certain conditions. Before giving a precise statement (Proposition 4.2
below), we need some definitions.
Let f : Mn → Rn+1 be a hypersurface that carries a principal curvature of
multiplicity n− 2, let ∆ denote the corresponding eigenbundle, and let
C : Γ(∆)→ Γ(End(∆⊥))
be its splitting tensor, defined by
CTX = −∇hXT
for all T ∈ Γ(∆) and X ∈ Γ(∆⊥), where the superscript h denotes taking the com-
ponent in ∆⊥. The hypersurface f is said to be hyperbolic (respectively, parabolic
or elliptic) if there exists J ∈ Γ(End(∆⊥)) satisfying the following conditions:
(i) J2 = I (respectively, J2 = 0, with J 6= 0, and J2 = −I).
(ii) ∇hTJ = 0 for all T ∈ Γ(∆).
(iii) CT ∈ span{I, J} for all T ∈ Γ(∆).
A hypersurface f : Mn → Rn+1, n ≥ 3, is called conformally surface-like if f(M)
is the image by a Mo¨bius transformation of Rn+1 of an open subset of one of the
following:
(1) a cylinder M2 × Rn−2 over a surface M2 ⊂ R3;
(2) a cylinder CM2×Rn−3, where CM2 ⊂ R4 denotes the cone overM2 ⊂ S3;
(3) a rotation hypersurface over a surface M2 ⊂ R3+.
We will need the following characterization of conformally surface-like hypersur-
faces, which is a consequence of a more general result in [11] (see also [18]).
Proposition 4.1. A hypersurface f : Mn → Rn+1 is conformally surface-like if and
only if it has a principal curvature λ of multiplicity n − 2 whose eigendistribution
∆ = ker(A− λI) has the property that the distribution ∆⊥ is umbilical.
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In the remaining of this section we prove the following result.
Proposition 4.2. Let f : Mn → Rn+1 be an oriented hypersurface with a nowhere
vanishing principal curvature λ of constant multiplicity n − 2. Assume that f is
not a Cartan hypersurface on any open subset of Mn and that it admits a genuine
conformal deformation f˜ : Mn → Rn+2. Then, on each connected component of
an open dense subset, f is either hyperbolic or elliptic with respect to a tensor
J ∈ Γ(End(∆⊥)), where ∆ = ker(A − λI), and there exists a unique (up to signs
and permutation) pair (D1, D2) of tensors in Γ(End(∆
⊥)), with Di ∈ span{I, J}
for i = 1, 2, and a unique one-form ψ on Mn satisfying the following conditions:
(i) ∆ ≤ kerψ,
(ii) detDi =
1
2 ,
(iii) ∇hTDi = 0 = [Di, CT ] for all T ∈ ∆,
(iv) (∇X(A− λI)Di)Y − (∇Y (A− λI)Di)X
= (X ∧ Y )Dtigradλ+ (−1)j(A− λI) (ψ(X)DjY − ψ(Y )DjX),
(v) 〈(∇YDi)X − (∇XDi)Y, gradλ〉 +Hessλ(DiX,Y )−Hessλ(X,DiY )
+ (−1)jψ(X) 〈DjY, gradλ〉 − (−1)jψ(Y ) 〈DjX, gradλ〉
= λ (〈AX, (A− λI)DiY 〉 − 〈(A− λI)DiX,AY 〉),
(vi) dψ(Z, T ) = 0 for all Z ∈ X(M) and T ∈ ∆,
(vii) dψ(X,Y ) = 〈[(A− λI)D1, (A− λI)D2]X,Y 〉.
(viii) D22 6= ±D21.
(ix) rank (D21 +D
2
2 − I) = 2.
Conversely, let f : Mn → Rn+1 be a simply connected hypersurface that is not
conformally surface-like and carries a nowhere vanishing principal curvature of con-
stant multiplicity n− 2. If f is hyperbolic or elliptic with respect to J ∈ End(∆⊥),
where ∆ = ker(A−λI), and there exist a triple (D1, D2, ψ) satisfying items (i)-(ix),
with Di ∈ span{I, J} for i = 1, 2, then f admits a genuine conformal deformation
f˜ : Mn → Rn+2. Moreover, distinct triples (up to sign and permutation) yield non
conformally congruent conformal deformations.
Proof. Let F˜ : Mn → Vn+3 ⊂ Ln+4 be the isometric light-cone representative of f˜ .
For each x ∈ Mn, let µ ∈ NF˜M(x) and γ : TxM × TxM → span{µ}⊥ be given by
Proposition 3.5. Then, the vector field ζ = λF˜ + µ satisfies
〈ζ, ζ〉 = −1, 〈ζ, µ〉 = 0 and Aζ = A− λI.
Consider the Riemannian plane-bundle P = {ζ, µ}⊥. For each ξ ∈ Γ(P), define
Dξ = (A− λI)−1Aξ = A−1ζ Aξ ∈ Γ(End(∆⊥))
where all endomorphisms are considered restricted to ∆⊥, and let
W = span{Dξ : ξ ∈ Γ(P)}.
Lemma 4.3. The map ξ ∈ P(x)→ Dξ ∈ W (x) is an isomorphism for all x in an
open dense subset of Mn.
Proof. Suppose there exists a non-trivial ρ˜ ∈ Γ(P) on an open subset U ⊂Mn such
that Dρ˜ = 0, and hence Aρ˜ = 0. Decompose ρ˜ = Ψ∗ρ + ρ1, with ρ ∈ Γ(Nf˜U) and
ρ1 ∈ Γ(L2), according to the orthogonal decomposition (6) of NF˜U . Since ρ˜ and
F˜ are orthogonal, we have ρ1 =
〈
ρ1, ζ˜
〉
F˜ , where {ζ˜, F˜} is a pseudo-orthonormal
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frame of L2 with 〈ζ˜ , F˜ 〉 = 1. Because the Ψ∗Nf˜U -component of αF˜ is ϕ−1Ψ∗αf ,
from Aρ˜ = 0 we get
0 = ϕ−1
〈
AρX,Y
〉− 〈X,Y 〉〈ζ˜ , ρ1〉,
for all X , Y ∈ X(U). In particular, since ρ˜ is not trivial, the normal vector field
ρ can not be trivial either. We conclude that Aρ = βI, with β = ϕ
〈
ζ˜, ρ1
〉
. If
ρ is parallel in the normal connection, then f˜(U) is contained in either an affine
hyperplane or a hypersphere of Rn+2, according to whether β vanishes or not. But
this implies f to be a Cartan hypersurface, contrary to our assumption. Otherwise,
U is conformally flat by Theorem 14 in [12] if β 6= 0, and flat by an elementary
computation using the Codazzi equation if β = 0. Both possibilities contradict the
assumption that λ is nowhere vanishing and has multiplicity n− 2. 
We will need the following properties of the tensors Dξ.
Lemma 4.4. The following holds:
(i) [Dξ, CT ] = 0 for all T ∈ Γ(∆).
(ii) ∇hTDξ = 0 for all T ∈ Γ(∆) if ξ ∈ Γ(NF˜M) is parallel along ∆.
Proof. Using the Codazzi equation we obtain
(∇hTA)X = (A− λI)CTX (14)
and
(∇hTA)(X, ξ) = AξCTX (15)
for all X ∈ Γ(∆⊥). In particular, (A−λI)CT and AξCT are symmetric. Therefore
(A− λI)DξCT = AξCT = CtTAξ = CtT (A− λI)Dξ = (A− λI)CTDξ,
which proves (i), because A − λI is an isomorphism on ∆⊥. If ξ ∈ Γ(NF˜M) is
parallel along ∆, then
(A− λI)DξCT = AξCT = ∇hTAξ = ∇hT (A− λI)Dξ = ∇hTADξ − λ∇hTDξ.
On the other hand, from (14) we also have (A − λI)CTDξ = (∇hTA)Dξ. We get
(ii) by subtracting the preceding identities and using (i):
0 = (A− λI)[Dξ, CT ] = A∇hTDξ − λ∇hTDξ = (A− λI)∇hTDξ. 
Lemma 4.5. There exists J ∈ Γ(End(∆⊥)) such that J2 = ǫI, ǫ ∈ {1, 0,−1}, and
span{I} < C(Γ(∆)) ≤ span{I, J} = W.
Proof. Since f is not conformally surface-like on any open subset of Mn, otherwise
it would be a Cartan hypersurface on that subset, by Corollary 4.1 the distribution
∆⊥ is not umbilical, and hence C(Γ(∆)) 6= span{I}. Let
S = {A ∈ End(∆⊥) : AB = BA forB ∈W}.
Part (i) of Lemma 4.4 says that C(Γ(∆)) ≤ S. Since dimW = 2 by Lemma 4.3,
we must have I ∈ W , for otherwise we would have S = span{I}, a contradiction.
Therefore, W = span{I, J}, where J is a tensor on ∆⊥ satisfying J2 = ǫI, ǫ ∈
{−1, 1, 0}. In particular, W ⊂ S and, on the other hand, the fact that any element
of S commutes with J implies that the dimension of S is at most two. HenceW = S
and C(Γ(∆)) ⊂ S = span {I, J}. 
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Now consider any orthonormal frame {ξ˜1, ξ˜2} of P and define the one-forms
ψ˜(X) =
〈
∇⊥X ξ˜1, ξ˜2
〉
, ω˜1(X) =
〈
∇⊥X ξ˜1, µ
〉
and ω˜2(X) =
〈
∇⊥X ξ˜2, µ
〉
.
Using that ∇⊥X(ζ − µ) = X(λ)F˜ = λ−1X(λ)(ζ − µ) for all X ∈ X(M), we obtain
∇⊥X ξ˜1 = ω˜1(X)(µ− ζ) + ψ˜(X)ξ˜2, (16)
∇⊥X ξ˜2 = ω˜2(X)(µ− ζ)− ψ˜(X)ξ˜1, (17)
∇⊥Xµ = −ω˜1(X)ξ˜1 − ω˜2(X)ξ˜2 − λ−1X(λ)ζ = ∇⊥Xζ − λ−1X(λ)(ζ − µ). (18)
Straightforward computations using (16), (17), (18) and the Codazzi and Ricci
equations of F show that, for all X,Y ∈ Γ(∆⊥),
(X ∧Y )gradλ = Dξ˜1 (λω˜1(X)Y − λω˜1(Y )X)+Dξ˜2 (λω˜2(X)Y − λω˜2(Y )X) , (19)
while, for all X , Y ∈ X(M) and 1 ≤ i 6= j ≤ 2,
(∇XAξ˜i)Y − (∇Y Aξ˜i)X =
λ (ω˜i(X)Y − ω˜i(Y )X) + (−1)j
(
ψ˜(X)Aξ˜jY − ψ˜(Y )Aξ˜jX
)
,
(20)
〈
[Aµ, Aξ˜i ]X,Y
〉
= −dω˜i(X,Y ) + (−1)jω˜j(Y )ψ˜(X)− (−1)jω˜j(X)ψ˜(Y ) (21)
+ λ−1Y (λ)ω˜i(X)− λ−1X(λ)ω˜i(Y ),〈
[Aξ˜1 , Aξ˜2 ]X,Y
〉
= dψ˜(X,Y ) (22)
and 〈
[Aξ˜i , Aζ ]X,Y
〉
= dω˜i(X,Y ) + λ
−1ω˜i(Y )X(λ) + (−1)jψ˜(Y )ω˜j(X) (23)
− λ−1ω˜i(X)Y (λ) − (−1)jψ˜(X)ω˜j(Y ).
Lemma 4.6. For any orthonormal frame {ξ˜1, ξ˜2} of P we have
(i) 1 = detDξ˜1 + detDξ˜2 .
(ii) ∆ ≤ ker ω˜1 ∩ ker ω˜2.
(iii) Di = Dξ˜i , for i = 1, 2, satisfy D
2
2 6= −D21.
Proof. (i) Flatness of γ means that detAζ = detAξ˜1 + detAξ˜2 .
(ii) Using (18), the Codazzi equation 0 = A∇⊥
X
µY −A∇⊥
Y
µX applied to X ∈ Γ(∆⊥)
and Y = T ∈ Γ(∆) yields ω˜1(T )Dξ˜1 + ω˜2(T )Dξ˜2 = 0. Thus ω˜1(T ) = 0 = ω˜1(T ), for
Dξ˜1 and Dξ˜2 are linearly independent by Lemma 4.3.
(iii) Suppose, by contradiction, that D22 = −D21. In view of Lemma 4.5, we may
write D1 = aI + bJ and D2 = cI + dJ for some a, b, c, d ∈ C∞(M). Then
(c2 + ǫd2)I + 2cdJ = −(a2 + ǫb2)I − 2abJ.
Thus a = b = c = d = 0 if ǫ = 1, and a = c = 0 if ǫ = 0, a contradiction.
If ǫ = −1, denote by Dˆi = θiI+θ¯iJˆ the complex linear extension ofDi, 1 ≤ i ≤ 2,
where Jˆ is the complex linear extension of J . From D22 = −D21 we get θ22 = −θ21,
and we may assume that θ2 = iθi. From part (i) we get 1 = 2|θ1|2, so we can write√
2Dˆ1 = θI + θ¯Jˆ and
√
2Dˆ2 = iθI − iθ¯Jˆ
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for some θ ∈ S1. Writing θ = eiβ , we have√
2D1 = cosβI + sinβJ and
√
2Dˆ2 = − sinβI + cosβJ.
Then, the orthonormal frame {ξ, η} of P defined by
ξ = cosβξ˜1 − sinβξ˜2 and η = sinβξ˜1 + cosβξ˜2
satisfies
√
2Dξ = I and
√
2Dη = J . Using (20) with ξ˜1 = ξ and ξ˜2 = η yields
Y (λ)X−X(λ)Y =
√
2λ(ω˜1(X)Y − ω˜1(Y )X)+
√
2 ψ˜(X)AηY −
√
2 ψ˜(Y )AηX (24)
for all X,Y ∈ X(M). For Y = T ∈ Γ(∆) and X ∈ Γ(∆⊥), using part (ii) we obtain
√
2ψ˜(T )AηX =
(
X(λ) +
√
2λω˜1(X)
)
T,
hence
∆ ≤ ker ψ˜ and X(λ) +
√
2λω˜1(X) = 0, for X ∈ ∆⊥.
Substituting the last identity in (24) for X and Y ∈ ∆⊥ gives ψ˜(Y )AηX =
ψ˜(X)AηY , hence ψ˜ = 0. From (22) we obtain
〈[Aξ, Aη]X,Y 〉 = dψ˜(X,Y ) = 0,
hence [(A − λI), (A − λI)J ] = 0. This means that A and J commute, hence
A− λI = βI in ∆⊥, with β 6= 0. Using the identity (A− λI)CT = ∇hTA, we get
βCT = ∇hT (β + λ)I = T (β + λ)I,
a contradiction because f is not conformally surface-like. Thus D22 6= −D21. 
The next lemma shows that the Riemannian plane bundle P has a distinguished
orthonormal frame {ξ1, ξ2}.
Lemma 4.7. There exists a unique (up to sign and permutation) orthonormal
frame {ξ1, ξ2} of P such that Di = Dξi , i = 1, 2, satisfy
detD1 =
1
2
= detD2.
Moreover, ξ1 and ξ2 are parallel along ∆.
Proof. Pick an arbitrary orthonormal frame {ξ, η} for P. Since 1 = detDξ+detDη
by part (i) of Lemma 4.6, we are done if either Dξ or Dη has determinant 1/2. So,
suppose that detDξ < 1/2 and detDη > 1/2. Define ξ1(θ) = cos θ ξ + sin θ η and
ξ2(θ) = − sin θ ξ + cos θ η, θ ∈ [0, π/2]. Since
detDξ = detDξ1(0) < detDξ1(pi2 ) = detDη,
existence follows by continuity. Uniqueness follows using part (iii) of Lemma 4.6.
We now show that ξ1 and ξ2 are parallel along ∆. Given x ∈ Mn, T ∈ ∆
and an integral curve γ of T starting at x, let ξˆi(t) denote the parallel transport
of ξi(x) along γ at γ(t). By Lemma 4.4, we have that ∇γ′(t)Dξˆi(t) = 0, hence
detDξˆi(t) = 1/2. Since ξ1 and ξ2 are unique (up to signs and permutation) with
this property, by continuity we must have ξˆi(t) = ξi(γ(t)) for any t. It follows that
∇⊥T ξi = 0 for any T ∈ ∆, i = 1, 2. 
From now on, we fix the privileged orthonormal frame {ξ1, ξ2} of P given by the
above lemma and omit the tilde notation in ω1, ω2 and ψ when using this frame.
Also, from now on Di stands for Dξi , i = 1, 2. We will show that the pair (D1, D2)
and the one-form ψ satisfy conditions (i)-(ix) in the statement.
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From Lemma 4.6, and because ξ1 and ξ2 are parallel along ∆, we have
∆ ≤ kerψ ∩ kerω1 ∩ kerω2. (25)
Thus, condition (i) is satisfied. Conditions (ii) and (iii) follow from Lemma 4.7
and Lemma 4.4, respectively.
From (20) for Y = T ∈ Γ(∆), a unit length section, and X ∈ Γ(∆⊥), we get
0 = λωi(X)T +Aξi∇XT +∇TAξiX −Aξi∇TX. (26)
Using that ∆ is an umbilical distribution whose mean curvature vector field δ is
given by (λI − A)δ = gradλ (see Eq. 2 in the proof of Proposition 8 of [11]), we
obtain
〈AξiX,∇TT 〉 = 〈(A− λI)DiX, δ〉 = −〈DiX, gradλ〉 .
Therefore, taking the inner product with T of both sides of (26) yields
ωi(X) = − 1
λ
〈DiX, gradλ〉 . (27)
For X , Y ∈ Γ(∆⊥), we obtain from (20) that
(∇X(A− λI)Di)Y − (∇Y (A− λI)Di)X
= λ (ωi(X)Y − ωi(Y )X) + (−1)j
(
ψ(X)AξjY − ψ(Y )AξjX
)
,
From (27) we get
λ (ωi(X)Y − ωi(Y )X) = 〈DiY, gradλ〉X − 〈DiX, gradλ〉 Y
= (X ∧ Y )Dtigradλ.
Because Aξj = (A − λI)Dj , combining the last two equations gives item (iv).
Differentiating (27) yields
Y ωi(X) = −λ−1Y (λ)ωi(X)− λ−1 〈∇YDiX, gradλ〉 − λ−1Hessλ(DiX,Y ).
Therefore,
dωi(X,Y )− λ−1Y (λ)ωi(X) + λ−1X(λ)ωi(Y )
= dωi(X,Y ) + Y ωi(X) + λ
−1 〈∇YDiX, gradλ〉+ λ−1Hessλ(DiX,Y )
−Xωi(Y )− λ−1 〈∇XDiY, gradλ〉 − λ−1Hessλ(DiY,X)
=
1
λ
(〈(∇YDi)X − (∇XDi)Y, gradλ〉+Hessλ(DiX,Y )−Hessλ(X,DiY )) .
Substituting the preceding expression in (21) and using again (27) yields (v). Ap-
plying (22) to Y = T ∈ Γ(∆) yields (vi), whereas item (vii) follows from the same
equation applied to X,Y ∈ Γ(∆⊥). We have from part (iii) of Lemma 4.6 that
D22 6= −D21. It is easily checked that D1 and D2 would be linearly dependent if
D22 = D
2
1, so (viii) is proven.
The next lemma completes the proof that f is hyperbolic, parabolic or elliptic
with respect to J ∈ Γ(End(∆⊥)) given by Lemma 4.5.
Lemma 4.8. The tensor J satisfies ∇hT J = 0.
Proof. Since D1 and D2 are linearly independent, we may assume that D1 = a1I+
b1J , with b1 6= 0. By part (ii) of Lemma 4.4 we have
0 = (∇hTD1) = T (a1)I + T (b1)J + b1∇hTJ
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for any T ∈ Γ(∆). Hence
T (a1)J + ǫ T (b1)I + b1(∇hT J)J = 0 and T (a1)J + ǫ T (b1)I + b1J(∇hT J) = 0.
Adding the two equations yields T (a1) = T (b1) = 0, and hence ∇hT J = 0. 
A hypersurface f : Mn → Rn+1, n ≥ 3, is said to be conformally ruled if it
carries an umbilical distribution L of rank n − 1 such that the restriction of f
to each leaf of L is also umbilical. We now prove that the parabolic case occurs
precisely when f is conformally ruled.
Lemma 4.9. Let f : Mn → Rn+1 be an oriented hypersurface with a nowhere
vanishing principal curvature of constant multiplicity n− 2. Assume that f is not
a Cartan hypersurface on any open subset of Mn and that it admits a genuine
conformal deformation f˜ : Mn → Rn+2. If f is parabolic with respect to J ∈
Γ(End(∆⊥)), then it is conformally ruled.
Proof. Pick an orthonormal frame {X,Y } of Γ(∆⊥) such that JY = 0 and JX =
δY with δ 6= 0. We will prove that the distribution
L(x) = ∆(x) ⊕ Y (x)
is umbilical, that is, there exists ρ ∈ C∞(M) such that 〈∇UV,X〉 = ρ 〈U, V 〉 for all
U ,V ∈ Γ(L). From CT ∈ span{I, J} and JY = 0 we get 〈CTY,X〉 = 0, hence
〈∇Y T,X〉 = −〈CTY,X〉 = 0 for all T ∈ Γ(∆). (28)
Since J∇hTY = (∇hT J)Y = 0 by Lemma 4.8, and ∇hTY is orthogonal to Y , it
follows that ∇hTY = 0, or equivalently,
〈∇TY,X〉 = 0. (29)
Using that (A−λI)CT = ∇hTA is symmetric and span{I} < C(∆) ≤ span{I, J},
we conclude that (A− λI)J is symmetric. Therefore,
〈(A− λI)Y, Y 〉 = δ−1 〈(A− λI)JX, Y 〉 = δ−1 〈X, (A− λI)JY 〉 = 0. (30)
It follows that in the orthonormal frame {X,Y } of ∆⊥ we have
A− λI =
(
β µ
µ 0
)
(31)
with µ 6= 0, for A−λI restricted to ∆⊥ is an isomorphism. Since Di ∈ span{I, J},
with detDi = 1/2, and D1 and D2 are linearly independent, we can suppose that
√
2Di = I + biJ, (32)
with b1 6= 0. Therefore,√
2AξiY = (A− λI)
√
2DiY = (A− λI)Y = µX
and
√
2AξiX = (A− λI)
√
2DiX = (A− λI)(X + biδY ) = (β + biδµ)X + µY.
Define θ = b1δµ 6= 0 and θ˜ = b2δµ, so in the orthonormal frame {X,Y } we have
√
2Aξ1 =
(
β + θ µ
µ 0
)
and
√
2Aξ2 =
(
β + θ˜ µ
µ 0
)
. (33)
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Applying the Codazzi equation of A to T ∈ Γ(∆) of unit length and Y ∈ Γ(∆⊥),
and then taking the inner product with T , we obtain using (31) that
µ 〈∇TT,X〉 = −Y (λ). (34)
Now, applying the Codazzi equation for A to X , Y ∈ Γ(∆⊥), and then taking
the inner product with Y yields
0 = 2µ 〈∇XX,Y 〉+X(λ) + β 〈∇Y Y,X〉 − Y (µ). (35)
Next, applying the Codazzi equation for Aξi , 1 ≤ i ≤ 2, to X , Y ∈ Γ(∆⊥), and
using (20) and (33), give, respectively,
0 = 2µ 〈∇XX,Y 〉+ (β + θ) 〈∇Y Y,X〉 − Y (µ)−
√
2λω1(X) + µψ(Y ). (36)
and
0 = 2µ 〈∇XX,Y 〉+ (β + θ˜) 〈∇Y Y,X〉 − Y (µ)−
√
2λω2(X)− µψ(Y ). (37)
Replacing (35) into (36) and (37) we obtain
θ 〈∇Y Y,X〉 −X(λ)−
√
2λω1(X) + µψ(Y ) = 0
and
θ˜ 〈∇Y Y,X〉 −X(λ)−
√
2λω2(X)− µψ(Y ) = 0.
Adding both equations yields
(θ + θ˜) 〈∇Y Y,X〉 − 2X(λ)−
√
2λ (ω1(X) + ω2(X)) = 0.
Using (27) and (32), and that (θ + θ˜) = (b1 + b2)δµ, we get
(θ + θ˜) (µ 〈∇Y Y,X〉+ Y (λ)) = 0. (38)
Suppose that θ + θ˜ = 0. From (31) and (33), the vector fields
ξ =
1√
2
(ξ1 + ξ2) and η =
1√
2
(ξ1 − ξ2)
define an orthonormal frame {ξ, η} of P satisfying
Aξ =
(
β µ
µ 0
)
= (A− λI) and Aη =
(
θ 0
0 0
)
. (39)
In particular, Dη = (A− λI)−1Aη satisfies
DηX =
θ
µ
Y and DηY = 0.
From (19) for ξ1 = ξ and ξ2 = η we obtain
Y (λ)X −X(λ)Y = λω˜1(X)Y − λω˜1(Y )X − λθ
µ
ω˜2(Y )Y.
Hence,
ω˜1(Y ) + λ
−1Y (λ) = 0 and ω˜1(X) + λ−1X(λ)− θ
µ
ω˜2(Y ) = 0. (40)
Now, the Codazzi equation of Aξ = A− λI yields
(Z ∧W )gradλ = λω˜1(Z)W + ψ˜(Z)AηW − λω˜1(W )Z − ψ˜(W )AηZ.
Z, W ∈ X(M). For Z = T ∈ ∆ and W = X , using (39) and Lemma 4.6 we obtain
X(λ) = −λω˜1(X) and ∆ ≤ ker ψ˜. (41)
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Replacing now Z = X and W = Y and using (39) we get
(X ∧ Y )gradλ = λω˜1(X)Y − λω˜1(Y )X − θψ˜(Y )X,
hence
Y (λ) = −θψ˜(Y )− λω˜1(Y ) and −X(λ) = λω˜1(X). (42)
It follows from (40), (41) and (42) that
∆⊕ span{Y } ≤ ker ψ˜ ∩ ker ω˜2 and λ−1Z(λ) + ω˜1(Z) = 0, for Z ∈ X(M). (43)
Now, the second fundamental form of F˜ is given by
αF˜ (X,Y ) = 〈AX, Y 〉µ+ 〈(A− λI)X,Y 〉 ξ + 〈AηX,Y 〉 η − 〈(A− λI)X,Y 〉 ζ
= 〈AX, Y 〉 (µ+ ξ − ζ)− λ 〈X,Y 〉 (ξ − ζ) + 〈AηX,Y 〉 η.
From (16), (18) and (43) we get
∇⊥X(µ+ ξ − ζ) = λ−1X(λ)(µ− ζ) + ω˜1(X)(µ− ζ) + ψ˜(X)η = ψ˜(X)η, (44)
while using (16) and (43) we get
∇⊥Xλ(ξ − ζ) = X(λ)(ξ − ζ) + λ∇⊥X(ξ − ζ) (45)
= λ
(
ψ˜(X) + ω˜2(X)
)
η,
for allX ∈ X(M). On the other hand, the second fundamental form of the isometric
light-cone representative F : Mn → Vn+2 ⊂ Ln+3 of f is given by
αF (X,Y ) = 〈AX, Y 〉Ψ∗N − 〈X,Y 〉w.
Define a vector-bundle isometry τ : NFM → L = {η}⊥ by setting
τΨ∗N = µ+ ξ − ζ, τw = λ(ξ − ζ) and τF = F˜ .
From (44) and (45), the vector bundle isometry is parallel with respect to the
induced connection on L. By Lemma 3.2, there exists an isometric immersion
H : W ⊂ Vn+2 → Vn+3, with F (Mn) ⊂ W , such that F˜ = H ◦ F . It follows from
Proposition 3.1 that there exists a conformal immersion h : V → Rn+p of an open
subset V ⊃ f(Mn) of Rn+1 such that f˜ = h ◦ f , contradicting the assumption that
f˜ is a genuine conformal deformation of f .
Thus (θ + θ˜) 6= 0, and from (28), (29), (34) and (38) it follows that L is an
umbilical distribution with mean curvature vector Z = −(Y (λ)/µ)X .
It remains to prove that the restriction g = f ◦ i : σ → Rn+1 of f to each leaf σ
of L is also umbilical. From (30) we get
αg(Y, Y ) = f∗αi(Y, Y ) + αf (i∗Y, i∗Y ) = f∗Z + λN,
whereas for all T , S ∈ Γ(∆) we have
αg(T, S) = f∗αi(T, S) + αf (i∗T, i∗S) = 〈T, S〉 f∗Z + λ 〈T, S〉N.
Thus g is umbilical with f∗Z + λN as its mean curvature vector field. 
Since conformally ruled hypersurfaces are Cartan hypersurfaces (see [13]), in
view of Lemma 4.9 the parabolic case is ruled out by the assumption. Therefore,
to complete the proof of the direct statement it remains to prove condition (ix).
Lemma 4.10. The tensors D1 and D2 satisfy
rank (D21 +D
2
2 − I) = 2.
Proof. We will argue separately for the elliptic and hyperbolic cases.
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4.0.1. Elliptic Case. This case is almost trivial. Write D1 = aI + bJ and D2 =
cI + dJ . Since detDi = 1/2, we have a
2 + b2 = c2 + d2 = 1/2, hence
D21 +D
2
2 − I =
(
a2 − b2 + c2 − d2 − 1 2(ab+ cd)
−2(ab+ cd) a2 − b2 + c2 − d2 − 1
)
.
The conclusion follows, for otherwise D21 + D
2
2 − I = 0, hence b = 0 = d from
a2 + b2 + c2 + d2 = 1 = a2 − b2 + c2 − d2, contradicting the linear independence of
D1 and D2.
4.0.2. Hyperbolic Case. Suppose that rank (D21 +D
2
2 − I) < 2 and let
√
2D1 =
(
θ1 0
0 θ−11
)
and
√
2D2 =
(
θ2 0
0 θ−12
)
. (46)
Then,
2D21 + 2D
2
2 − 2I =
(
θ21 + θ
2
2 − 2 0
0 θ−21 + θ
−2
2 − 2
)
, (47)
and we may assume that θ21 + θ
2
2 = 2. Thus, the orthonormal frame {ξ, η} of P
given by √
2ξ = θ1ξ1 + θ2ξ2 and
√
2η = −θ2ξ1 + θ1ξ2
satisfies Dξ = I and rankDη = 1. Let {X,Y } be an orthogonal frame of ∆⊥ with
DηX = 0. From (19) for ξ˜1 = ξ and ξ˜2 = η we obtain[
ω˜1(X) + λ
−1X(λ)
]
Y + ω˜2(X)DηY =
[
ω˜1(Y ) + λ
−1Y (λ)
]
X. (48)
On the other hand, bearing in mind that Aξ = A− λI, Eq. (20) yields
(Z ∧W )gradλ = λω˜1(Z)W + ψ˜(Z)AηW − λω˜1(W )Z − ψ˜(W )AηZ. (49)
For Z = X and W = T ∈ Γ(∆), using part (ii) of Lemma 4.6 and AηX =
0 = T (λ) = 0, the preceding equation gives −X(λ)T = λω˜1(X)T , hence X(λ) =
−λω˜1(X). Substituting in (48) yields
ω˜2(X)DηY =
[
ω˜1(Y ) + λ
−1Y (λ)
]
X. (50)
Eq. (49) for Z = T and W = Y gives Y (λ)T = ψ˜(T )AηY −λω˜1(Y )T , so ∆ ≤ ker ψ˜
and −Y (λ) = λω˜1(Y ). Therefore, taking into account that AηY 6= 0, substituting
in (50) we obtain ω˜2(X) = 0. Lastly, for Z = X and W = Y ,
(X ∧ Y )gradλ = λω˜1(X)Y + ψ˜(X)AηY − λω˜1(Y )X,
thus ψ˜(X) = 0. In summary, we have
∆⊕ span{X} ≤ ker ψ˜ ∩ ker ω˜2 (51)
and
λ−1Z(λ) + ω˜1(Z) = 0, (52)
for Z ∈ X(M). Using (16), (18) and (52) we obtain
∇⊥Z (µ+ ξ − ζ) = ψ˜(Z)η, (53)
for Z ∈ X(M). Similarly, using (16), (18) and (52) we get
∇⊥Zλ(ξ − ζ) = λ
(
ψ˜(Z) + ω˜2(Z)
)
η. (54)
The second fundamental form of F˜ can be rewritten as
αF˜ (X,Y ) = 〈AX, Y 〉 (µ+ ξ − ζ) + 〈AηX,Y 〉 η − λ 〈X,Y 〉 (ξ − ζ).
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Let L = span{η}⊥ and let F be the isometric light-cone representative of f . Define
a vector bundle isometry τ : NFM → L by setting
τΨ∗N = µ+ ξ − ζ, τw = λ(ξ − ζ) and τF = F˜ .
From (53) and (54), the vector bundle isometry τ is parallel with respect to the
induced connection on L, and all the conditions of Lemma 3.2 are satisfied. As in
the proof of Lemma 4.9, it follows from Lemma 3.2 and Proposition 3.1 that f˜ is
not a genuine conformal deformation of f , a contradiction.
We now prove the converse. Start by choosing an orthonormal frame {µ, ξ1, ξ2, ζ}
of the trivial bundle E = Mn × L4, with ζ time-like. Extend the tensors Di to ∆
by requiring that ∆ ≤ kerDi. Define a compatible connection ∇ˆ on E by declaring
∇ˆXµ = −ω1(X)ξ1 − ω2(X)ξ2 − λ−1X(λ)ζ = ∇⊥Xζ − λ1X(λ)(ζ − µ),
∇ˆXξ1 = ω1(X)(µ− ζ) + ψ(X)ξ2, (55)
∇ˆXξ2 = ω2(X)(µ− ζ) − ψ(X)ξ1,
where
ωi(X) = − 1
λ
〈DiX, gradλ〉 . (56)
In particular, since T (λ) = 0 for all T ∈ ∆, by condition (i) the sections µ, ξ1, ξ2
and ζ are parallel along ∆ with respect to ∇ˆ.
Let αˆ : X(M)× X(M)→ Γ(E) be the bilinear map defined by
αˆ(X,Y ) = 〈AX, Y 〉µ+ 〈(A− λI)D1X,Y 〉 ξ1 + 〈(A− λI)D2X,Y 〉 ξ2
− 〈(A− λI)X,Y 〉 ζ.
From the symmetry of (A − λI)CT (see (14)), and because C(Γ(∆)) ⊂ span{I, J}
and C(Γ(∆)) 6⊂ span{I}, for f is not conformally surface-like, (A − λI)J is sym-
metric. Since Di ∈ span{I, J}, also (A−λI)Di is symmetric. Thus αˆ is symmetric.
We shall prove that αˆ satisfies the Gauss, Codazzi and Ricci equations for an
isometric immersion F˜ : Mn → Ln+4. For the Gauss equation, in view of the Gauss
equation for f , it is enough to show that the bilinear form
γ(X,Y ) = 〈(A− λI)D1X,Y 〉 ξ1 + 〈(A− λI)D2X,Y 〉 ξ2 − 〈(A− λI)X,Y 〉 ζ
is flat. Since
∆ = ker(A− λI)D1 ∩ ker(A− λI)D2 ∩ ker(A− λI) = ker γ, (57)
this is equivalent to det(A−λI)D1+det(A−λI)D2−det(A−λI) = 0, which holds
in view of condition (ii).
To show that αˆ satisfies the Codazzi equations, we must prove that
Aµ = A, Aξ1 = (A− λI)D1, Aξ2 = (A− λI)D2 and Aζ = A− λI.
satisfy the Codazzi equations. The Codazzi equation for Aµ = A is equivalent to
A∇ˆZµW −A∇ˆWµZ = 0 (58)
for all Z, W ∈ X(M). For W = T ∈ Γ(∆)) and Z ∈ X(M), this follows from (57)
and the fact that T (λ) = 0. On the other hand, by (55), (56) and item (ii), for
Z = X and W = Y ∈ Γ(∆⊥) the left-hand-side of (58) is
λ−1(A− λI) (−(D1X ∧D1Y )gradλ− (D2X ∧D2Y )gradλ)
+λ−1(A− λI)(X ∧ Y )gradλ = 0.
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Let us prove the Codazzi equation of Aζ = A− λI. Using (55) and the Codazzi
equation for A, taking into account that ζ is parallel along ∆ and that T (λ) = 0
for T ∈ Γ(∆), we obtain
(∇ZAζ)T − (∇TAζ)Z −A∇ˆZζT +A∇ˆT ζZ
= −Z(λ)T + T (λ)Z + λ−1Z(λ)AT + ω1(Z)Aξ1T + ω2(Z)Aξ2T
= 0,
for all Z ∈ X(M). For X,Y ∈ Γ(∆⊥), using item (ii), (55) and (56) we obtain
(∇XAζ)Y − (∇Y Aζ)X −A∇ˆXζY +A∇ˆY ζX
= −X(λ)Y + Y (λ)X + λ−1X(λ)AY + ω1(X)Aξ1Y + ω2(X)Aξ2Y
− λ−1Y (λ)AX − ω1(Y )Aξ1X − ω2(Y )Aξ2X
= λ−1(A− λI) (−(X ∧ Y )gradλ)
+ λ−1(A− λI) ((D1X ∧D1Y )gradλ+ (D2X ∧D2Y )gradλ)
= 0.
Now we prove the Codazzi equation
(∇ZAξi)W − (∇WAξi)Z = A∇ˆZξiW −A∇ˆW ξiZ (59)
for Aξi = (A− λI)Di. First, let us suppose Z = T , W = S ∈ Γ(∆). Then, because
ξi is parallel along ∆, the right hand side of the equation is zero. Since ∆ ≤ kerAξi ,
we must show that
Aξi∇ST −Aξi∇TS = 0,
which follows easily using that ∆ is an umbilical distribution.
Now, suppose Z = X ∈ Γ(∆⊥) and W = T ∈ Γ(∆). By (55) and the fact that
ξi is parallel along ∆, we get
(∇XAξi)T − (∇TAξi)X −A∇ˆXξiT +A∇ˆT ξiX
= −(A− λI)Di∇XT −∇T (A− λI)DiX + (A− λI)Di∇TX − λωi(X)T.
Taking the inner product with S ∈ Γ(∆), using (56) and the fact that ∆ is an
umbilical distribution whose mean curvature vector field δ satisfies (A − λI)δ =
−gradλ, we get
〈(A− λI)DiX,∇TS〉 − λωi(X) 〈T, S〉 = 0.
Equality between the horizontal components follows from
∇hT (A− λI)Di = (∇hTA)Di
= (A− λI)DiCT
where we have used (14) and item (iii). The last case is when X , Y ∈ Γ(∆⊥). We
have that A∇ˆXξiY −A∇ˆY ξiX coincides with
ωi(X)(AY −AζY ) + (−1)jψ(X)AξjY − ωi(Y )(AX −AζX)− (−1)jψ(Y )AξjX
= λωi(X)Y − λωi(Y )X + (−1)j(A− λI) (ψ(X)DjY − ψ(Y )DjX)
= −DiX(λ)Y +DiY (λ)X + (−1)j(A− λI) (ψ(X)DjY − ψ(Y )DjX)
= (X ∧ Y )Dtigradλ+ (−1)j(A− λI) (ψ(X)DjY − ψ(Y )DjX) ,
and this is equal to the left-hand-side of (59) by item (iv).
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Now, let us move on to the Ricci equations. It is easily checked using (55) that〈
Rˆ(Z,W )µ, ζ
〉
= 0, hence the Ricci equation for µ and ζ is satisfied because Aµ = A
and Aζ = (A − λI) commute. It is also easily seen that the Ricci equation for ζ
and ξi is equivalent to that for µ and ξi.
Let us prove the Ricci equation for µ and ξi. First, let us prove forX , Y ∈ Γ(∆⊥).
On one hand, by the symmetry of A and (A− λI)Di we have
〈[Aξi , Aµ]X,Y 〉 = 〈AX, (A− λI)DiY 〉 − 〈(A− λI)DiX,AY 〉 .
On the other hand, a straightforward computation using (55) and (56) gives〈
Rˆ(X,Y )ξi, µ
〉
= λ−1 (〈(∇YDi)X − (∇XDi)Y, gradλ〉)
+ λ−1 (Hessλ(Y,DiX)−Hessλ(X,DiY ))
+ λ−1
(
(−1)jψ(X) 〈DjY, gradλ〉 − (−1)jψ(Y ) 〈DjX, gradλ〉
)
.
Thus the Ricci equation for ξi and µ for X , Y ∈ Γ(∆⊥) follows from item (v).
Now for X ∈ Γ(∆⊥) and T ∈ Γ(∆), we have, on one hand,
〈[Aξi , Aµ]X,T 〉 = 0
while, on the other hand,〈
Rˆ(X,T )ξi, µ
〉
= −Tωi(X)− ωi([X,T ])
= T
(
1
λ
〈DiX, gradλ〉
)
+
1
λ
〈Di[X,T ], gradλ〉
=
1
λ
(DiXT (λ)− 〈∇DiXT, gradλ〉+ 〈Di∇XT, gradλ〉)
=
1
λ
(〈CTDiX, gradλ〉 − 〈DiCTX, gradλ〉) = 0,
where we have used both equalities in item (iii). Lastly, for T and S ∈ Γ(∆), on one
hand, 〈[Aξi , Aµ]T, S〉 = 0 because kerAξi = ∆. On the other hand,
〈
Rˆ(T, S)ξi, µ
〉
=
0 because ξi is parallel along ∆ and [T, S] ∈ Γ(∆).
It remains to verify the Ricci equation for ξ1 and ξ2. From (55) we obtain〈
Rˆ(Z,W )ξ1, ξ2
〉
= dψ([Z,W ]).
Thus the Ricci equation for ξ1 and ξ2 follows from item (vi) if either Z orW belongs
to Γ(∆), and from item (vii) if both Z and W belong to Γ(∆⊥).
By the Fundamental Theorem of Submanifolds, there exist an isometric immer-
sion F˜ : Mn → Ln+4 and a vector bundle isometry Φ: E → NF˜M such that
Φ ◦ αˆ = αF˜ and Φ∇ˆ = ∇⊥Φ.
Moreover, the vector field ρ = λ−1Φ(ζ − µ) satisfies
λ∇˜Xρ = λX(λ−1)Φ(ζ − µ) + ∇˜XΦ(ζ − µ)
= −λ−1X(λ)Φ(ζ − µ)− F˜∗AΦ(ζ−µ)X +∇⊥XΦ(ζ − µ)
= −X(λ)ρ− F˜∗Aζ−µX +Φ∇ˆX(ζ − µ)
= −X(λ)ρ+ λF˜∗X + λ−1X(λ)Φ(ζ − µ)
= λF˜∗X
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for all X ∈ X(M). Therefore F˜ − ρ is a constant vector P0 ∈ Ln+4, with〈
F˜ − P0, F˜ − P0
〉
=
〈
ρ, ρ
〉
= λ−2
〈
ζ − µ, ζ − µ〉 = 0,
that is, F˜ takes values in P0 + V
n+3. Without loss of generality, suppose P0 = 0,
otherwise redefine F˜ by F˜ − P0. Then, F˜ gives rise to a conformal immersion
f˜ = C(F˜ ) : Mn → Rn+2.
We now prove that f˜ is a genuine deformation of f . Assume otherwise. By
Proposition 3.1, there exist an open set U ⊂ Mn and an isometric immersion
H : W → Vn+3, with W ⊃ F (U) open in Vn+2, such that F˜ |U = H ◦ F |U . For
simplicity, we will suppose U = Mn. Because f is an isometric immersion, its
isometric light-cone representative is F = Ψ ◦ f . We conclude that F˜ = T ◦ f for
T = H ◦Ψ: V ⊂ Rn+1 → Vn+3 ⊂ Ln+4.
Since T is an isometric immersion into the light-cone, the position vector field T
is a section of its normal bundle NTR
n+1 such that〈
αT (Z,W ), T
〉
= −〈Z,W 〉 (60)
for all Z, W ∈ X(Rn+1). Complete T to a pseudo-orthonormal frame {ρ, T, ζ˜}
of Γ(NTR
n+1), where ζ˜ is a light-like vector field such that
〈
ζ˜, T
〉
= 1. We can
associate to this frame the orthonormal frame given by {ρ, (T+ ζ˜)/√2, (T− ζ˜)/√2}.
By the Gauss equation of T , the bilinear form αT is flat. It follows from (60)
that N (αT ) = {0}, hence dimΩ = dim (S(αT ) ∩ S(αT )⊥) = 1 by Lemma 3.4. The
projections Pi, i = 1, 2, of NTR
n+1 onto the subspaces
W1 = span
{
ρ,
T + ζ˜√
2
}
and W2 = span
{
T − ζ˜√
2
}
map Ω isomorphically onto their images. By dimensional reasons, P2|Ω is an iso-
morphism. Let β ∈ Ω be such that P2(β) = (T − ζ˜)/
√
2. Then β is a light-like
vector field with ATβ = 0, and we can write
β = cos θρ+ sin θ
T + ζ˜√
2
+
T − ζ˜√
2
,
where θ ∈ [0, 2π). Define {γ, δ, γ˜} by
γ = cos θρ+ sin θ
T + ζ˜√
2
, δ = − sin θρ+ cos θT + ζ˜√
2
and γ˜ =
T − ζ˜√
2
.
Since β = γ + γ˜ and ATβ = 0, then A
T
γ = −ATγ˜ . Moreover, because
αT (Z,W ) =
〈
ATδ Z,W
〉
δ +
〈
ATγ Z,W
〉
γ − 〈ATγ˜ Z,W〉 γ˜
=
〈
ATδ Z,W
〉
δ +
〈
ATγ Z,W
〉
β
for all Z, W ∈ X(Rn+1), we conclude from the flatness of αT , and the fact that β
is light-like and orthogonal to δ, that rankATδ ≤ 1. Therefore,
AF˜T∗N = A, A
F˜
γ◦f = −AF˜γ˜◦fX and rankAF˜δ◦f ≤ 1. (61)
Notice that, since T =
√
2
2 (cos θδ + sin θγ + γ˜) and F˜ = T ◦ f , then
F˜ =
√
2
2
(cos θ(δ ◦ f) + sin θ(γ ◦ f) + (γ˜ ◦ f)) . (62)
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On the other hand, by (5) we have αF˜ (S, S) = λµ for all S ∈ Γ(∆) = ker(A− λI).
Comparing with
αF˜ (S, S) = λT∗N +
〈
ATγ f∗S, f∗S
〉
((γ ◦ f) + (γ˜ ◦ f))
= λT∗N −
√
2
sin θ − 1 ((γ ◦ f) + (γ˜ ◦ f)) .
we obtain
µ = T∗N −
√
2
λ(sin θ − 1) ((γ ◦ f) + (γ˜ ◦ f)) . (63)
It is now straightforward to verify that
ξ1 = T∗N +
(
λ cos2 θ√
2(1 − sin θ) −
λ√
2
)
(γ ◦ f) +
(
λ cos2 θ√
2(1 − sin θ) −
λ sin θ√
2
)
(γ˜ ◦ f)
+
λ cos θ√
2
(δ ◦ f) and ξ2 = cos θ
1− sin θ ((γ ◦ f) + (γ˜ ◦ f)) + (δ ◦ f).
is an orthonormal frame for P = {µ, ζ}⊥. From (61) we have
AF˜ξ1 = A+
λ√
2
(
(sin θ − 1)AF˜γ◦f + cos θAF˜δ◦f
)
and AF˜ξ2 = A
F˜
δ◦f . (64)
The last relation in (61) implies that the rank of Dξ2 = (A−λI)Aξ2 is less than or
equal to one. Now, by (62) and the second relation in (61) we have
− I = AF˜
F˜
=
√
2
2
(cos θAF˜δ◦f + (sin θ − 1)AF˜γ◦f). (65)
Substituting this expression in the first equation of (64) implies that AF˜ξ1 = A−λI,
and hence Dξ1 = I. Let θ ∈ [0, π/2] be such that
D1 = cos θDξ1 + sin θDξ2 and D2 = − sin θDξ1 + cos θDξ2 ,
where D1 and D2 have determinant 1/2. Then D
2
1+D
2
2− I = D2ξ2 , and this means
that rank D21 +D
2
2 − I < 2, a contradiction with (ix).
It remains to prove the last statement of Proposition 4.2. First, suppose that the
triples (D1, D2, ψ) and (Dˆ1, Dˆ2, ψˆ) give rise to congruent conformal immersions f˜
and g˜. Then, by Proposition 3.1, their isometric light-cone representatives F˜ and G˜
are congruent isometric immersions, that is, there exists T ∈ O+1 (m+ 4) such that
G˜ = T ◦ F˜ . Hence, αG˜ = T ◦ αF˜ and ∇ˆ⊥T = T∇⊥. From the equality regarding
second fundamental forms applied to (T, T ) ∈ ∆×∆ we conclude that T (µ) = µˆ.
Taking into account the last fact, from the equality G˜ = T ◦ F˜ we get T (ζ) = ζˆ.
Now, from〈
AG˜T (ξi)X,Y
〉
=
〈
αG˜(X,Y ), T (ξi)
〉
=
〈
αF˜ (X,Y ), ξi
〉
=
〈
AF˜ξiX,Y
〉
and the uniqueness of the sections ξˆi such that detDξˆi = 1/2, we conclude that
T (ξi) = ξˆi and Di = Dˆi. From ∇ˆ⊥T = T∇⊥ we obtain that ψ = ψˆ.
For the converse, suppose the conformal immersions f˜ and g˜ have the same
triples. By the uniqueness of the frame {ξ1, ξ2}, we can define T : NF˜M → NG˜M
by T (µ) = µˆ, T (ξi) = ξˆi and T (ζ) = ζˆ. Since the triples are the same, we have
∇ˆ⊥T = T∇⊥ and αG˜ = T ◦ αF˜ , hence F˜ and G˜ are congruent.
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5. The Reduction
In this section, for a hypersurface f : Mn → Rn+1 that is not conformally
surface-like and envelops a two-parameter congruence of hyperspheres s : L2 →
S
n+2
1,1 , the problem of finding a pair of tensors (D1, D2) and a one-form ψ on M
n
satisfying all the conditions in Proposition 4.2 is reduced to a similar but easier one
on the surface s. First we give a few definitions.
The surface s : L2 → Sn+21,1 is said to be hyperbolic (respectively, elliptic) with
respect to a tensor J¯ on L2 satisfying J¯2 = I¯ (respectively, J¯2 = −I¯) if
α′(X¯, J¯ Y¯ ) = α′(J¯X¯, Y¯ )
for all X¯, Y¯ ∈ X(L), where α′ is the second fundamental form of s.
Now let π : M → L be a submersion. A vector field X ∈ X(M) is said to
be projectable if it is π-related to a vector field X¯ ∈ X(L), that is, there exists
X¯ ∈ X(L) such that π∗X = X¯ ◦ π. A tensor D ∈ Γ(End (TM)) is projectable if
there exists D¯ ∈ Γ(End (TL)) such that D¯ ◦ π∗ = π∗ ◦D. Similarly, a one-form ω
on M is projectable if there exists a one-form ω¯ on L such that ω¯ ◦ π∗ = ω.
We will need the following result of [10], which gives conditions for tensors and
one-forms to be projectable.
Proposition 5.1. Let ∆ be an integrable distribution on a differentiable manifold
M , let L =M/∆ be the (local) quotient space of leaves of ∆ and let π : M → L be
the quotient map. Then the following assertions hold:
(i) a one-form ω on M is projectable if and only if ω(T ) = 0 and dω(T,X) = 0
for any T ∈ Γ(∆) and X ∈ Γ(∆⊥);
(ii) if Mn is a Riemannian manifold and C : Γ(∆) → Γ(End(∆⊥)) is the
splitting tensor of ∆, then D ∈ Γ(End(∆⊥)) is projectable if and only if
∇hTD = [D,CT ] for all T ∈ Γ(∆).
The reduction lemma is as follows.
Lemma 5.2. Let f :Mn → Rn+1 be a hypersurface that is not conformally surface-
like and envelops a two-parameter congruence of hyperspheres s : L2 → Sn+21,1 . Let
∆ be the eigenbundle of f correspondent to its principal curvature λ of multiplicity
n− 2. If f is hyperbolic (respectively, elliptic) with respect to J ∈ Γ(End(∆⊥)) and
there exists a triple (D1, D2, ψ) satisfying conditions (i)-(ix) in Proposition 4.2,
with Di ∈ span{I, J} for i = 1, 2 and ψ a one-form on Mn, then J , D1 and D2
are the horizontal lifts of tensors J¯ , D¯1, D¯2 ∈ span{I¯, J¯} on L2, with J¯2 = I
(respectively, J¯2 = −I) and ψ is the horizontal lift of a one-form ψ¯ on L2 such that
s is hyperbolic (respectively, elliptic) with respect to J¯ and the triple (D¯1, D¯2, ψ¯)
satisfies:
(a) det D¯i = 1/2,
(b) (∇′XD¯i)Y − (∇′Y D¯i)X = (−1)j
(
(ψ¯(X)D¯jY − ψ¯(Y )D¯j(X)
)
,
(c) dψ¯(X,Y ) =
〈
D¯2X, D¯1Y
〉′ − 〈D¯1X, D¯2Y 〉′,
(d) D¯22 6= ±D¯21,
(e) rank (D¯21 + D¯
2
2 − I¯) = 2.
Conversely, if s : L2 → Sn+21,1 is hyperbolic (respectively, elliptic) with respect to a
tensor J¯ on L2 satisfying J¯2 = I¯ (respectively, J¯2 = −I¯), then the hypersurface f
is hyperbolic (respectively, elliptic) with respect to the horizontal lift J of J¯ , and the
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horizontal lifts D1, D2 and ψ of D¯1, D¯2 ∈ span{I¯, J¯} and the one-form ψ¯ satisfying
items (a) to (e) have all the properties (i) to (ix) in Proposition 4.2.
Proof. Conditions (i) and (vi) of Proposition 4.2, together with part (i) of Proposi-
tion 5.1, assure us that the one-form ψ is projectable with respect to the canonical
projection π : M → L2 onto the (local) quotient of leaves of the distribution ∆,
that is, there exists a one-form ψ¯ on L2 such that ψ¯ ◦ π∗ = ψ.
The tensors D1 and D2 are also projectable, because of item (iii) of Proposi-
tion 4.2 and part (ii) of Proposition 5.1, that is, there exist tensors D¯1 and D¯2 on
L2 such that
D¯1 ◦ π∗ = π∗ ◦D1 and D¯2 ◦ π∗ = π∗ ◦D2. (66)
From item (iii) we have that Di, i = 1, 2, commute with CT for all T ∈ Γ(∆).
Since Di ∈ span {I, J}, and taking into account item (viii), at least one Di is of
the form Di = aiI + biJ with bi 6= 0. It follows that [CT , J ] = 0. The fact
that f : Mn → Rn+1 is hyperbolic or elliptic gives us that ∇hTJ = 0. Therefore
J is projectable, that is, there is J¯ ∈ End(TL) such that π∗ ◦ J = J¯ ◦ π∗. Since
Di ∈ span{I, J}, we get that D¯i ∈ span{I¯ , J¯} from (66). From J2 = ǫI, where
ǫ = 1 or ǫ = −1 according to whether f is hyperbolic or elliptic, it follows that
J¯2 = ǫI¯ and that (a), (d) and (e) hold.
Let S : Mn → Sn+21,1 ⊂ Ln+3 be the two-parameter congruence of hyperspheres
enveloped by f , so that S = s ◦ π. We have
S(x) = Ψ∗(f(x))N(x) + λ(x)Ψ(f(x)) (67)
for all x ∈Mn. Differentiating (67) with respect to Y ∈ X(M) gives
S∗Y = −Ψ∗f∗(A− λI)Y + Y (λ)Ψ ◦ f. (68)
In particular,
〈S∗X,S∗Y 〉 = 〈(A− λI)X, (A− λI)Y 〉 (69)
for all X,Y ∈ X(M). Replacing Y by DiY in (68) we get
Ψ∗f∗(A− λI)DiY = 〈DiY, gradλ〉Ψ ◦ f − S∗DiY. (70)
Differentiating one more time (70) with respect to X ∈ Γ(∆⊥) yields
∇˜XΨ∗f∗(A− λI)DiY = 〈∇XDiY, gradλ〉Ψ ◦ f +Hessλ(X,DiY )Ψ ◦ f
+ 〈DiY, gradλ〉Ψ∗f∗X − ∇˜XS∗DiY.
(71)
Let ∇ˆ be the connection of Sn+21,1 , 〈·, ·〉′ be the metric on L2 induced by s and ∇′
its Levi-Civita connection. Then
∇˜XS∗DiY = ∇˜π∗Xs∗D¯iπ∗Y (72)
= ∇ˆπ∗Xs∗D¯iπ∗Y −
〈
π∗X, D¯iπ∗Y
〉′
s ◦ π
= s∗∇′π∗XD¯iπ∗Y + α′(π∗X, D¯iπ∗Y )−
〈
π∗X, D¯iπ∗Y
〉′
s ◦ π,
for all projectable vector fields X , Y ∈ Γ(∆⊥). By (69) we have〈
π∗X, D¯iπ∗Y
〉′
=
〈
s∗π∗X, s∗D¯iπ∗Y
〉
(73)
= 〈(A− λI)X, (A− λI)DiY 〉 .
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Therefore, substituting (72) and (73) in (71) we obtain
∇˜XΨ∗f∗(A− λI)DiY = 〈∇XDiY, gradλ〉Ψ ◦ f +Hessλ(X,DiY )Ψ ◦ f+
+ 〈DiY, gradλ〉Ψ∗f∗X − s∗∇′π∗XD¯iπ∗Y − α′(π∗X, D¯iπ∗Y )+
+ 〈(A− λI)X, (A− λI)DiY 〉 (Ψ∗N + λ(Ψ ◦ f)).
(74)
On the other hand, from (1) and (70) we get
∇˜XΨ∗f∗(A− λI)DiY = (75)
= Ψ∗∇¯Xf∗(A− λI)DiY + αΨ(f∗X, f∗(A− λI)DiY )
= Ψ∗f∗∇X(A− λI)DiY + 〈AX, (A− λI)DiY 〉Ψ∗N − 〈X, (A− λI)DiY 〉w
= Ψ∗f∗(∇X(A− λI)Di)Y +Ψ∗f∗(A− λI)Di∇XY + 〈AX, (A− λI)DiY 〉Ψ∗N
− 〈X, (A− λI)DiY 〉w
= Ψ∗f∗(∇X(A− λI)Di)Y + 〈Di∇XY, gradλ〉Ψ ◦ f − s∗D¯iπ∗∇XY
+ 〈AX, (A− λI)DiY 〉Ψ∗N − 〈X, (A− λI)DiY 〉w.
Computing ∇˜XΨ∗f∗(A−λI)DiY −∇˜YΨ∗f∗(A−λI)DiX , first using (74) and then
(75), and comparing both expressions give
Ψ∗f∗B(X,Y ) + θ(X,Y )Ψ∗N + ϕ(X,Y )Ψ ◦ f − λ−1θ(X,Y )w (76)
= s∗((∇′π∗Y D¯i)π∗X − (∇′π∗XD¯i)π∗Y ) + α′(π∗Y, D¯iπ∗X)− α′(π∗X, D¯iπ∗Y )
where
B(X,Y ) = (∇X(A− λI)Di)Y − (∇Y (A− λI)Di)X −X ∧ Y (Dtigradλ),
θ(X,Y ) = λ(〈X, (A− λI)DiY 〉 − 〈Y, (A− λI)DiX〉),
ϕ(X,Y ) = 〈(∇YDi)X − (∇XDi)Y, gradλ〉+Hessλ(DiX,Y )−Hessλ(X,DiY )
− λ(〈(A− λI)X, (A − λI)DiY 〉 − 〈(A− λI)DiX, (A− λI)Y 〉),
for all projectable X , Y ∈ Γ(∆⊥). Since (A − λI)CT is symmetric by (14), and
span{I} < C(Γ(∆)) ≤ span{I, J} because f is either hyperbolic or elliptic and not
surface-like, we have that (A − λI)J is symmetric. Thus (A − λI)Di is symmetric
for i = 1, 2, for Di ∈ span {I, J}. Using this, (76) and items (iv) and (v) of
Proposition 4.2 we obtain
(−1)jΨ∗f∗(A− λI)(ψ(X)DjY − ψ(Y )DjX) (77)
+ ((−1)jψ(Y ) 〈DjX, gradλ〉 − (−1)jψ(X) 〈DjY, gradλ〉)Ψ ◦ f
= s∗((∇′π∗Y D¯i)π∗X − (∇′π∗XD¯i)π∗Y ) + α′(π∗Y, D¯iπ∗X)− α′(π∗X, D¯iπ∗Y ).
Using (68) we get
(−1)jψ¯(π∗Y )s∗D¯jπ∗X − (−1)jψ¯(π∗X)s∗D¯jπ∗Y
= s∗((∇′π∗Y D¯i)π∗X − (∇′π∗XD¯i)π∗Y ) + α′(π∗Y, D¯iπ∗X)− α′(π∗X, D¯iπ∗Y ).
Comparing the tangent and normal components we get the identities
(∇′π∗Y D¯i)π∗X − (∇′π∗XD¯i)π∗Y = (−1)jψ¯(π∗Y )D¯jπ∗X − (−1)jψ¯(π∗X)D¯jπ∗Y
and
α′(π∗Y, D¯iπ∗X) = α′(π∗X, D¯iπ∗Y ).
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The first equation above gives us (b), while the second one means that s is hyper-
bolic or elliptic with respect to J¯ , because D¯i ∈ span{I¯ , J¯} for i = 1, 2 and D¯i is
not a multiple of I¯ for some i.
The only thing left to prove in the direct statement is condition (c). Using that
ψ is projectable onto ψ¯, item (vii) of Proposition 4.2 and (70) we obtain
dψ¯(X¯, Y¯ ) = dψ(X,Y ) (78)
= 〈(A− λI)D2X, (A− λI)D1Y 〉 − 〈(A− λI)D1X, (A− λI)D2Y 〉
= 〈〈D2X, gradλ〉Ψ ◦ f − S∗D2X, 〈D1Y, gradλ〉Ψ ◦ f − S∗D1Y 〉
− 〈〈D1X, gradλ〉Ψ ◦ f − S∗D1X, 〈D2Y, gradλ〉Ψ ◦ f − S∗D2Y 〉
= 〈S∗D2X,S∗D1Y 〉 − 〈S∗D1X,S∗D2Y 〉
=
〈
D¯2X¯, D¯1Y¯
〉′ − 〈D¯1X¯, D¯2Y¯ 〉′ .
Let us now prove the converse. Using (76), and taking into account condition
(b) and the fact that s is hyperbolic or elliptic, we have
Ψ∗f∗B(X,Y ) + θ(X,Y )Ψ∗N + ϕ(X,Y )Ψ ◦ f − λ−1θ(X,Y )w (79)
= s∗((∇′π∗Y D¯i)π∗X − (∇′π∗XD¯i)π∗Y ) + α′(π∗Y, D¯iπ∗X)− α′(π∗X, D¯iπ∗Y )
= (−1)js∗
(
ψ¯(π∗Y )D¯j(π∗X)− ψ¯(π∗X)D¯jπ∗Y
)
= (−1)j (ψ(Y )S∗DjX − ψ(X)S∗DjY ) .
From (70) we have
(−1)j (ψ(Y )S∗DjX − ψ(X)S∗DjY )
= (−1)jψ(Y ) (〈DjX, gradλ〉Ψ ◦ f −Ψ∗f∗(A− λI)DjX〉
− (−1)jψ(X) (〈DjY, gradλ〉Ψ ◦ f −Ψ∗f∗(A− λI)DjY ) .
Therefore, if we arrange equation (79) with this new information, we end up with
Ψ∗f∗B˜(X,Y ) + θ(X,Y )Ψ∗N + ϕ˜(X,Y )Ψ ◦ f − λ−1θ(X,Y )w = 0
where B˜ and ϕ˜ are proper modifications of B and ϕ. In particular,
0 = θ(X,Y ) = λ(〈X, (A− λI)DiY 〉 − 〈Y, (A− λI)DiX〉),
for all projectable X ,Y ∈ Γ(∆⊥). Thus (A− λI)Di is symmetric.
Let J ∈ Γ(End(∆⊥)) (respectively, Di ∈ Γ(End(∆⊥)) be the horizontal lift of
J¯ (respectively, D¯i) and ψ the horizontal lift of ψ¯. Since D¯1, D¯2 ∈ span {I¯ , J¯}
and π∗|∆⊥ is an isomorphism, we have that D1, D2 ∈ span {I, J} and J2 = ǫI,
depending on whether s is hyperbolic or elliptic. Let us prove that Di and ψ
satisfy (i) to (ix), and that f is hyperbolic (respectively, elliptic) with respect to J .
Items (i) and (vii) are clear because ψ projects to ψ¯. From item (a) we get item
(ii), item (e) gives item (ix) and from item (d) we get item (viii).
To prove item (iii), first notice that ∇hTDi = [Di, CT ] for all T ∈ Γ(∆), because
Di is projectable. On the other hand, ∇hTA = ∇hT (A− λI) and (14) give
∇hT (A− λI)Di − (A− λI)DiCT
= (∇hT (A− λI) − (A− λI)CT )Di + (A− λI)(∇hTDi − [Di, CT ])
= 0.
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Hence∇hT (A−λI)Di = (A−λI)DiCT . In particular, this implies that (A−λI)DiCT
is symmetric. Therefore (A − λI)DiCT = (A − λI)CTDi, and item (iii) follows.
Since there is i ∈ {1, 2} such that Di = aiI + biJ with bi not null, it follows that
∇hTJ = [J,CT ] = 0. This easily implies that C(Γ(∆)) ≤ span{I, J}, hence f is
hyperbolic (respectively, elliptic) with respect to J .
Since s is either hyperbolic or elliptic with respect to J¯ and D¯i ∈ span{I¯, J¯},
α′(D¯iπ∗X, π∗Y ) = α′(π∗X, D¯iπ∗Y ).
From (76), the symmetry of (A− λI)Di and the fact that θ = 0 we get
Ψ∗f∗
(
(∇X(A− λI)Di)Y − (∇Y (A− λI)Di)X −X ∧ Y (Dtigradλ)
)
(80)
+ (〈(∇YDi)X − (∇XDi)Y, gradλ〉+Hessλ(DiX,Y )−Hessλ(X,DiY ))Ψ◦f
− λ (〈(A− λI)X, (A − λI)DiY 〉 − 〈(A− λI)DiX, (A− λI)Y 〉)Ψ ◦ f
= s∗
((∇′π∗Y D¯i)π∗X − (∇′π∗XD¯i)π∗Y ) .
Using item (b), (70) and the fact that D1, D2 and ψ project to D¯1, D¯2 and ψ¯,
respectively, we obtain
s∗
((∇′π∗Y D¯i)π∗X − (∇′π∗XD¯i)π∗Y ) (81)
= (−1)js∗
(
ψ¯(π∗Y )D¯jπ∗X − ψ¯(π∗X)D¯jπ∗Y
)
= (−1)jψ(Y )S∗DjX − (−1)jψ(X)S∗DjY
= (−1)jψ(Y ) (〈DjX, gradλ〉Ψ ◦ f −Ψ∗f∗(A− λI)DjX)
− (−1)jψ(X) (〈DjY, gradλ〉Ψ ◦ f −Ψ∗f∗(A− λI)DjY ) .
Combining equations (80) and (81), we get
0 = Ψ∗f∗
(
(∇X(A− λI)Di)Y − (∇Y (A− λI)Di)X −X ∧ Y (Dtigradλ)
)
+ (−1)jΨ∗f∗(A− λI) (ψ(Y )DjX − ψ(X)DjY )
+ (−1)j (ψ(X) 〈DjY, gradλ〉 − ψ(Y ) 〈DjX, gradλ〉)Ψ ◦ f
+ (〈(∇YDi)X − (∇XDi)Y, gradλ〉 +Hessλ(DiX,Y )−Hessλ(X,DiY ))Ψ ◦ f
− λ (〈(A− λI)X, (A− λI)DiY 〉 − 〈(A− λI)DiX, (A− λI)Y 〉) Ψ ◦ f.
Taking into account the symmetry of (A−λI)Di, items (iv) and (v) of Proposition
4.2 follow. Going the other way around in (78) gives us (vii). 
6. The Subset Cs
This section is devoted to characterizing hyperbolic and elliptic surfaces s : L2 →
S
n+2
1,1 that admit a triple (D¯1, D¯2, ψ¯) satisfying items (a) to (e) of Lemma 5.2. We
follow closely the proof of Proposition 9 in [10].
Let us start with the case in which s : L2 → Sn+21,1 is an hyperbolic surface with
respect to the tensor J¯ . Let (u, v) be local coordinates whose coordinate vector
fields {∂u, ∂v} are eigenvectors of J¯ with eigenvalues 1 and −1, respectively. Then
α′(∂u, ∂v) = α′(J∂u, ∂v) = α′(∂u, J∂v) = −α′(∂u, ∂v),
hence α′(∂u, ∂v) = 0. The coordinates (u, v) are called real-conjugate coordinates .
Define the Christoffel symbols Γ1 and Γ2 with respect to the frame {∂u, ∂v} by
∇∂u∂v = Γ1∂u + Γ2∂v. (82)
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Denote F = 〈∂u, ∂v〉 and define the differential operator
Q(θ) = Hess θ(∂u, ∂v) + Fθ = θuv − Γ1θu − Γ2θv + Fθ. (83)
For each pair of smooth functions U = U(u) and V = V (v), define
ϕU (u, v) = U(u)e2
∫
v
0
Γ1(u,s)ds and φV (u, v) = V (v)e2
∫
u
0
Γ2(s,v)ds. (84)
These functions satisfy
ϕUv = 2Γ
1ϕU and φVu = 2Γ
2ψV (85)
with initial conditions ϕU (u, 0) = U(u) and φV (0, v) = V (v). Assume, in addition,
that one of the following conditions holds:
U, V > 0 or 0 < 2ϕU < −(2φV + 1) or 0 < 2φV < −(2ϕU + 1). (86)
Under one of these conditions, one can define
ρUV =
√
|2(ϕU + φV ) + 1| (87)
and
Cs =
{
(U, V ) : (86) holds andQ
(
ρUV
)
= 0
}
.
Let us now suppose that s : L2 → Sn+21,1 is an elliptic surface with respect to a
tensor J . Let (u, v) be local coordinates whose coordinate vector fields satisfy J∂u =
∂v and J∂v = −∂u. Extend J , ∇ and αs C-linearly. Denoting ∂z = (∂u − i∂v)/2
and ∂z¯ = (∂u + i∂v)/2, we have J∂z = i∂z and J∂z¯ = −i∂z¯. Then
iαs(∂z , ∂z¯) = α
s(J∂z, ∂z¯) = α
s(∂z , J∂z¯) = −iαs(∂z , ∂z¯),
so, αs(∂z, ∂z¯) = 0. The coordinates (u, v) are now called complex-conjugate.
We can define a complex-valued Christoffel symbol Γ: W ⊂ L2 → C by
∇∂z∂z¯ = Γ∂z + Γ¯∂z¯.
Set F = 〈∂z , ∂z¯〉, where 〈 , 〉 is the C-bilinear extension of the metric induced by s,
and define the differential operator
Q(θ) = Hess θ(∂z , ∂z¯) + Fθ = θzz¯ − Γθz − Γ¯θz¯ + Fθ,
where θ : W ⊂ L2 → C is a smooth function. For each holomorphic function ζ, let
ϕζ(z, z¯) be the unique complex valued function defined by
ϕζz¯ = 2Γϕ
ζ and ϕζ(z, 0) = ζ(z).
Assume further that
ϕζ 6= −1
2
and 4Re (ϕζ) + 1 < 0 (88)
and define
ρζ =
√
−(4Re (ϕζ) + 1)
and
Cs =
{
ζ holomorphic : equation (88) holds and Q(ρζ) = 0
}
.
We are now ready to state and prove the main result of the section.
Proposition 6.1. If s : L2 → Sn+21,1 is an elliptic or hyperbolic surface, then there
exists a triple (D¯1, D¯2, ψ¯) satisfying all conditions in Lemma 5.2 if and only if Cs
is nonempty. Distinct triples (up to signs and permutation) give rise to distinct
elements of Cs, and conversely.
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Proof. The proof will be divided into cases, depending on whether s is hyperbolic
or elliptic.
6.0.1. Hyperbolic case. Assume that s is hyperbolic with respect to J¯ , and let
(D¯1, D¯2, ψ¯) satisfy all conditions in Lemma 5.2. Let (u, v) be real-conjugate co-
ordinates whose coordinate vector fields are eigenvectors of J¯ , and hence of D¯i,
1 ≤ i ≤ 2, for D¯1, D¯2 ∈ span{I¯, J¯}. From condition (a), we can suppose that the
endomorphisms D¯i are represented in this basis by
√
2D¯1 =
(
θ1 0
0 1/θ1
)
and
√
2D¯2 =
(
θ2 0
0 1/θ2
)
. (89)
From item (e), that is, the assumption that rank D¯21 + D¯
2
2 − I¯ = 2, and
(
√
2D¯1)
2 + (
√
2D¯2)
2 − 2I¯ =
(
θ21 + θ
2
2 − 2 0
0 1/θ21 + 1/θ
2
2 − 2
)
we infer that θ21+θ
2
2 6= 2 and 1/θ21+1/θ22 6= 2. Also, from item (d), we get θ1 6= ±θ2.
The equation of item (b) can be written as
∇′∂uD¯i∂v −∇′∂v D¯i∂u = (−1)j
(
ψ¯uD¯j∂v − ψ¯vD¯j∂u
)
, i 6= j,
where ψ¯u = ψ¯(∂u) and ψ¯
v = ψ¯(∂v). Therefore
∇′∂uθ−1i ∂v −∇′∂vθi∂u = (−1)j
(
ψ¯uθ−1j ∂v − ψ¯vθj∂u
)
, i 6= j,
and hence
− (θi)u
θ2i
∂v + θ
−1
i (Γ
1∂u + Γ
2∂v)− (θi)v∂u − θi(Γ1∂u + Γ2∂v)
= (−1)j (ψ¯uθ−1j ∂v − ψ¯vθj∂u) , i 6= j.
From the equality of the components of both sides of the preceding equation with
respect to the coordinate vector fields, we get that item (b) is equivalent to the
system of partial differential equations
(θi)u
θ2i
+
(
θi − 1
θi
)
Γ2 = −(−1)j ψ¯
u
θj
, (90)
(θi)v +
(
θi − 1
θi
)
Γ1 = (−1)jψ¯vθj , (91)
with i 6= j. Defining τi = θ2i , and multiplying the first equation by −2/θi and the
second equation by 2θi, the preceding system becomes(
1
τi
)
u
+ 2
(
1
τi
− 1
)
Γ2 = 2(−1)j ψ¯
u
θ1θ2
, (92)
(τi)v + 2(τi − 1)Γ1 = 2(−1)jψ¯vθ1θ2, 1 ≤ i 6= j ≤ 2. (93)
Considering (92) for the cases i = 1 and i = 2 and summing them up yields(
1
τ1
+
1
τ2
)
u
+ 2
(
1
τ1
+
1
τ2
− 2
)
Γ2 = 0. (94)
With the same procedure, but using instead (93), we get
(τ1 + τ2)v + 2(τ1 + τ2 − 2)Γ1 = 0. (95)
Defining α = τ1+ τ2 and β = 1/τ1+1/τ2, one can write the preceding equations as
βu + 2(β − 2)Γ2 = 0 and αv + 2(α− 2)Γ1 = 0. (96)
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From the definition of τi we have that α, β > 0. Moreover, since θ
2
1 6= θ22, we have
that τ1 and τ2 are distinct real roots of
τ2 − ατ + (α/β) = 0.
Thus αβ > 4 and
2τi = α− (−1)i
√
α
β
(αβ − 4), 1 ≤ i ≤ 2. (97)
Since θ21 + θ
2
2 6= 2 and 1/θ21 + 1/θ22 6= 2, we have that α 6= 2 and β 6= 2. Then, we
can define
ϕ =
1
α− 2 and φ =
1
β − 2 . (98)
From α > 0, β > 0, αβ − 4 > 0,
α = 2 +
1
ϕ
and β = 2 +
1
φ
,
and noticing that ϕ and φ cannot be both negative, we get
0 <
2
ϕ
+
2
φ
+
1
ϕφ
=
1
ϕφ
(2φ+ 2ϕ+ 1) ,
and hence (ϕ, φ) satisfies (86). Moreover,
ϕv
ϕ
= − αv
α− 2 and
φu
φ
= − βu
β − 2 ,
so, from (96) we get
ϕv
ϕ
= 2Γ1 and
φu
φ
= 2Γ2.
Now, differentiating ψ¯ = ψ¯udu+ ψ¯vdv we get
2dψ¯(∂u, ∂v) = 2(ψ¯
v
u − ψ¯uv )du ∧ dv(∂u, ∂v) = 2(ψ¯vu − ψ¯uv ).
On the other hand,〈√
2D¯2∂u,
√
2D¯1∂v
〉− 〈√2D¯1∂u,√2D¯2∂v〉 =
(
θ2
θ1
− θ1
θ2
)
F =
τ2 − τ1
θ1θ2
F.
Therefore, item (c) is equivalent to
2(ψ¯vu − ψ¯uv ) =
τ2 − τ1
θ1θ2
F. (99)
Set
ρ =
√
|2(ϕ+ φ) + 1| =
√∣∣∣∣ 2α− 2 + 2β − 2 + 1
∣∣∣∣ =
√
αβ − 4√|(α − 2)(β − 2)| . (100)
We want to show now that
Q(ρ) = ρuv − Γ1ρu − Γ2ρv + Fρ = 0. (101)
In order to do so, we express the functions ρ, Γ1 and Γ2 in terms of θi. Using (92)
and (93) we get
Γ1 = −θ1(θ1)v + θ2(θ2)v
θ21 + θ
2
2 − 2
, (102)
Γ2 = − θ
3
1(θ2)u + θ
3
2(θ1)u
θ1θ2(2θ22θ
2
1 − θ22 − θ21)
, (103)
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ψ¯u =
(θ2)uθ
3
1 − (θ1)uθ32 − (θ2)uθ1 + (θ1)uθ2
2θ22θ
2
1 − θ22 − θ21
(104)
and
ψ¯v = − (θ2)vθ2θ
2
1 − (θ1)vθ22θ1 − θ2(θ2)v + θ1(θ1)v
θ1θ2(θ21 + θ
2
2 − 2)
. (105)
From (99) we obtain
F =
2θ1θ2(ψ¯
v
u − ψ¯uv )
θ22 − θ21
. (106)
Lastly, using (100) we get
ρ =
√√√√ (θ21 + θ22)2/θ21θ22 − 4∣∣∣(θ21 + θ22 − 2)( 1θ2
1
+ 1
θ2
2
− 2)
∣∣∣ . (107)
Using the preceding identities, a long but straightforward computaion shows that
(101) is satisfied. Thus, the set Cs is non-empty.
Now we prove the converse statement. Since s : L2 → Sn+21,1 is hyperbolic, there
exist real conjugate coordinates (u, v). If (U, V ) ∈ Cs, then
ϕU (u, v) = U(u)e2
∫
v
0
Γ1(u,s)ds and φV (u, v) = V (v)e2
∫
u
0
Γ2(s,v)ds
must satisfy (85) and, together with the functions U and V , also satisfy (86). From
the definition of the set Cs, we must have Q(ρ) = 0, where ρ =
√|2(ϕU + φV ) + 1|.
Set α = 2+1/ϕU and β = 2+1/φV , which are well defined because U , V , ϕU and
φV satisfy one of the equations in (86), and therefore, ϕU and φV cannot vanish at
any point.
Since (ϕU , φV ) satisfies (86), we claim that α > 0, β > 0 and αβ− 4 > 0. In the
first possiblity, namely, if U , V > 0, then ϕU > 0 and φV > 0, and our claim follows
from the definition of α and β. If 0 < 2ϕU < −(2φV +1), then we immediately see
that α > 0. We also have ψV < −1/2, so β > 0. Lastly,
αβ − 4 = 2
ϕU
+
2
φV
+
1
ϕUφV
=
1
ϕUφV
(
2ϕU + 2φV + 1
)
.
Since, ϕU > 0, φV < 0 and 2ϕU + 2φV + 1 < 0, we conclude that αβ − 4 > 0. The
other case is symmetric, so our claim is proved.
With the information that α > 0, β > 0 and αβ − 4 > 0, we can define the
functions τi by (97), that is, τ1 and τ2 are the roots of τ
2 − ατ + α/β = 0. We
conclude that τ1 + τ2 = α and τ1τ2 = α/β.
As before, write τi = (θi)
2 and let ψ¯u and ψ¯v be given by (92) and (93), respec-
tively. Substituting τi by θ
2
i in those equations, we arrive at the same equations as
in the direct statement, so we can express Γ1, Γ2, ψ¯u and ψ¯v in terms of the θi by
the identities (102), (103), (104) and (105). From the fact that τ1 + τ2 = α and
τ1τ2 = α/β, we get α = θ
2
1 + θ
2
2 and β = 1/θ
2
1 + 1/θ
2
2. From the definition of ρ, we
have that (100) is valid, and so, replacing α and β is terms of the θi, we also obtain
(107). Since ρ 6= 0 at any point, from Q(ρ) = 0 we obtain
F = −ρuv − Γ
1ρu − Γ2ρv
ρ
(108)
which can be written in terms of the θi using (107), (102) and (103). Using those
identities, a long but straightforward computation shows that (99) is satisfied.
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Let D¯1 and D¯2 be defined by (89) with respect to the frame {∂u, ∂v}, and set
ψ¯ = ψ¯udu + ψ¯vdv. Then condition (a) is clear from the definition of D¯i, whereas
condition (b) follows from (92) and (93). Condition (c) is a consequence of (99).
Since α > 0, we have τ1 6= −τ2, so D¯11 6= −D¯22. Because the discriminant is
αβ− 4 > 0, τ1 and τ2 are not equal, so D¯11 6= D¯22, and item (d) is proved. From the
definition of α and β we cannot have α = 2 or β = 2, so item (e) follows. Distinct
pairs (ϕ, φ) give rise to distinct 4-tuples (τ1, τ2, ψ¯u, ψ¯v), and hence to distinct triples
(D¯1, D¯2, ψ¯). This completes the proof for the hyperbolic case.
6.0.2. Elliptic case. Suppose s : L2 → Sn+21,1 is an elliptic surface, and that there
exists a triple (D¯1, D¯2, ψ¯) satisfying all conditions in Lemma 5.2. Since we will use
complex conjugate operation, let us omit the bar notation just for now.
Let (u, v) be complex-conjugate coordinates on L2. Then ∂z = (1/2)(∂u − i∂v)
and ∂z¯ = (1/2)(∂u + i∂v) are eigenvectors of the complex linear extension of the
tensor J with eigenvalues i and −i, respectively. From item (a) of Lemma 5.2 we
can assume that
√
2Di = aiI + biJ, where a
2
i + b
2
i = 1. Then the complex-linear
extensions of D1 and D2, which we denote by the same symbols, are given with
respect to the frame {∂z, ∂z¯} by
√
2D1 =
(
θ1 0
0 θ¯1
)
and
√
2D2 =
(
θ2 0
0 θ¯2
)
, (109)
where θi : L
2 → S1. Moreover, from item (d) of Lemma 5.2, we must have θ1 6= ±θ2.
Set ψz = ψ(∂z), ψ
z¯ = ψ(∂z¯) = ψ
z¯ and define a complex-valued Christoffel
symbol Γ by
∇∂z∂z¯ = Γ∂z + Γ¯∂z¯.
Define τ i = θ2i , 1 ≤ i ≤ 2. Then, from item (b) of Lemma 5.2 we get
∇∂z θ¯i∂z¯ −∇∂z¯θi∂z = (−1)j
(
ψz θ¯j∂z¯ − ψz¯θj∂z
)
,
which is equivalent to
(θ¯i)z∂z¯ + θ¯i
(
Γ∂z + Γ¯∂z¯
)− (θi)z¯∂z − θi (Γ∂z + Γ¯∂z¯) = (−1)j (ψz θ¯j∂z¯ − ψz¯θj∂z) .
We obtain that
(θi)z¯ − θ¯iΓ + θiΓ = (−1)jψz¯θj . (110)
Multiplying both sides of (110) by 2θi we get
(τi)z¯ + 2 (τi − 1)Γ = 2(−1)jψz¯θ1θ2. (111)
Now we use item (c) of Lemma 5.2. On one hand, since dψ = (ψvu − ψuv )du ∧ dv,
we obtain that 2dψ(∂z, ∂z¯) = −4iImψzz¯ . On the other hand,〈√
2D2∂z ,
√
2D1∂z¯
〉
−
〈√
2D1∂z ,
√
2D2∂z¯
〉
=
(
θ¯1θ2 − θ1θ¯2
)
F =
τ2 − τ1
θ1θ2
F.
Using item (c) of Lemma (5.2) and multiplying both sides by i, we get
4Imψzz¯ = i
τ2 − τ1
θ1θ2
F. (112)
Defining α = τ1 + τ2, and summing up cases i = 1 and i = 2 in (111) yield
αz¯ + 2(α− 2)Γ = 0. (113)
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Because θi ∈ S1, also τi ∈ S1. From condition (d) in Lemma 5.2, we have τi 6= ±τ2.
Hence, 0 < |α| = |τ1 + τ2| < 2. Thus ϕ = 1/(α− 2) is well defined and satisfies
ϕz¯
ϕ
= − αz¯
α− 2 = 2Γ.
Since
4Reϕ+ 1 = 2
α+ α¯− 4
|α− 2|2 + 1 =
|α|2 − 4
|α− 2|2
and |α| < 2, we conclude that 4Reϕ+ 1 < 0. Since α 6= 0, we have ϕ 6= −1/2, and
the conditions in (88) follow. From τ1 + τ2 = α, τi ∈ S1 and
τ1τ2 =
τ1 + τ2
1/τ1 + 1/τ2
=
τ1 + τ2
τ¯1 + τ¯2
=
α
α¯
,
we obtain that
τj =
α
2
(
1− (−1)ji
√
4− |α|2
|α|
)
. (114)
In order to show that Cs is non-empty, we must prove that
ρ =
√
− (4Reϕ+ 1) =
√
4− |α|2
|α− 2| (115)
satisfies Q(ρ) = 0. For that, as in the hyperbolic case we express Γ, ψz¯ , F and ρ
in terms of the functions θi. First, notice that α = θ
2
1 + θ
2
2 and α¯ = 1/θ
2
1 + 1/θ
2
2.
From (113), and replacing α in terms of θi, we get
Γ = − (θ
2
1 + θ
2
2)z¯
2 (θ21 + θ
2
2 − 2)
= −θ1(θ1)z¯ + θ2(θ2)z¯
θ21 + θ
2
2 − 2
. (116)
Using this and (111) with i = 1 we obtain
ψz¯ =
θ1θ
2
2(θ1)z¯ − θ21θ2(θ2)z¯ − θ1(θ1)z¯ + θ2(θ2)z¯
θ1θ2 (θ21 + θ
2
2 − 2)
. (117)
Observing that
(ψz¯)z − (ψz)z¯ = (ψz)z¯ − (ψz)z¯ = −2iIm(ψz)z¯
and using (112) we get
2
(
(ψz¯)z − (ψz)z¯
)
= −4iIm (ψz)z¯ = θ
2
2 − θ21
θ1θ2.
F
Solving for F yields
F =
2θ1θ2 ((ψ
z¯)z − (ψz)z¯)
θ22 − θ21
. (118)
From (115) and the expression of α and α¯ in terms of θi we have
ρ =
√
4− (θ21 + θ22)/θ21θ22
(θ21 + θ
2
2 − 2) (1/θ21 + 1/θ22 − 2)
= i
√
(θ21 + θ
2
2)/θ
2
1θ
2
2 − 4
| (θ21 + θ22 − 2) (1/θ21 + 1/θ22 − 2) |
.
(119)
If we compare the expressions we got for Γ, Γ¯, ψz¯ , ψz, F and ρ, except for constant
multiple i in the ρ, they are the same equations as (102), (103), (104), (105), (106)
and (107) we have found in the hyperbolic case, when we replace (z, z¯), (Γ, Γ¯),
(ψz, ψz¯) for (u, v), (Γ1,Γ2) and (ψu, ψv), respectively. Therefore Q(ρ) = 0, as one
can confirm by direct computation. This shows that Cs is non-empty.
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We now prove the converse. Let (u, v) be complex-conjugate coordinates for
s : L2 → Sn+21,1 . If ζ ∈ Cs is an holomorphic function, then (88) holds for the
complex-valued function ϕζ(z, z¯) defined by ϕzz¯ = 2Γϕ
ζ and ϕζ(z, 0) = ζ. Moreover,
ρζ =
√−(4Reϕζ + 1) satisfies Q(ρζ) = 0.
Define α = 2+1/ϕζ. From the first condition of (88) we have that α is not null.
Since
|α|2 = αα¯ =
(
2 +
ϕζ
|ϕζ |2
)(
2 +
ϕζ
|ϕζ |2
)
= 4 +
4Reϕζ + 1
|ϕζ |2 ,
from the second condition of (88) we get |α| < 2.
Let τ1 and τ2 be the roots of x
2 − αx+ αα¯ = 0. In particular, α = τ1 + τ2. From
the definition of τj , we have
|τj | = |α|
2
√(
1 +
4− |α|2
|α|2
)
= 1,
for j = 1, 2. Also, since |α| < 2 we have τ1 6= ±τ2. Write τj = θ2j , define ψz¯ by
(111) and then ψu and ψv by ψu = 2Reψz¯ and ψv = 2Imψz¯. Define the complex-
linear extensions
√
2Dj by (109). To recover the original
√
2Dj just remember that√
2Dj = ajI + bjJ for θj = aj + ibj . So, we get a triple (D1, D2, ψ). We have to
show that this triple satisfies conditions (a) to (e) of Lemma (5.2).
Since |τj | = 1, then |θj | = 1, and so det
√
2Dj = 1. This gives (a). Because (111)
is satisfied, item (b) follows. From the fact that τ1 6= ±τ2 and how τj is defined we
get item (d). Now, it is easily seen that one can have rank (
√
2D1)
2+(
√
2D2)
2−2I <
2 only if (
√
2D1)
2 + (
√
2D2)
2 − 2I = 0. Since θj = aj + ibj satisfies |θj | = 1, this
easily implies that b1 = 0 = b2 and aj = ±1. Therefore, θ1 = ±θ2, a contradiction
because τ1 6= ±τ2, which proves (e).
Let us prove item (c). Since ϕζ = 1/(α − 2), and from the definition of ρζ , we
get (115). Eq. (119) then follows from α = θ21 + θ
2
2 . Since ψ
z¯ and Γ satisfy (111),
we have the validity of (116) and (117). From Q(ρ) = 0 we get
F = −−ρzz¯ − Γρz − Γ¯ρz¯
ρ
, (120)
so we can express F in terms of θi using Eqs (119) and (116). Notice that the ρ
used in the hyperbolic case differs from this ρ by a multiple of i. We arrive at the
same equations as in proof of the converse statement of the hyperbolic case, with
(z, z¯), (Γ, Γ¯), (ψz , ψz¯) instead of (u, v), (Γ1,Γ2) and (ψu, ψv), respectively. Thus,
equation (112) is valid, and so is item (c).
Finally, notice that distinct ζ′s give rise to distinct ϕζ
′
s, and so distinct α′s.
Since the τi are the roots of x
2 − αx + αα¯ = 0, we get distinct τ ′is, hence distinct
θ′is, and so distinct triples (D1, D2, ψ). 
Before finishing the current section, we give an explicit example of an hyperbolic
surface s : L2 → Sm1,1 whose associated subset Cs is nonempty.
Let us start by orthogonally decomposing Lm+1 = Rm1 ×Lm2 and considering a
curve α : I1 → Sm1−1 ⊂ Rm1 parametrized by arc length. Denote α˜ = i ◦ α, where
i : Rm1 → Lm+1 is the inclusion, and consider the flat parallel vector subbundle
L ⊂ Nα˜I of rank k = m2 + 1 whose fiber at v ∈ I1 is
L(v) = Rα˜(v)⊕ Lm2 . (121)
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If {ξ1, · · · , ξk} is an orthonormal frame of parallel sections of L, with ξ1(v) = α˜(v),
then we can define a parallel vector bundle isometry φ : I1 × Lk → L by
φ(v, Y ) = φv(Y ) =
k∑
i=1
Y iξi(v).
Let e ∈ Lk be such that φv(e) = α˜(v) = ξ1(v) for all v ∈ I1, and denote
Ω0(α˜) = {Y ∈ Lk : 〈Y, e〉 > 0}.
Consider β : I0 → Sk−11,1 ∩ Ω0(α˜) ⊂ Lk, another curve parametrized by arc length.
Define s : I0 × I1 → Sm1,1 ⊂ Lm+1 by s(u, v) = φv(β(u)). Then
s∗∂u = φv(β′(u)) and s∗∂v = 〈β(u), e〉 α˜′(v),
hence s is an immersion with induced metric ds2 = du2 + ρ2(u)dv2, where ρ(u) =
〈β(u), e〉. Moreover, differentiating, say, the first of the preceding equations with
respect to v gives that αs(∂u, ∂v) = 0.
By a suitable change of coordinates u˜ = γ(u), we can pass to isothermal coordi-
nates with respect to which the metric is written as
ds2 = e2λ(u˜)(du˜2 + dv2)
for some smooth function λ = λ(u˜), and we still have αs(∂u˜, ∂v) = 0. Thus, the
surface s is an hyperbolic surface and (u˜, v) are real-conjugate coordinates. For
simplicity, we rewrite u˜ by u.
Let us show that, for the above surface s : I0 × I1 → Sm1,1 ⊂ Lm+1, the subset Cs
is non-empty. If we define
E = 〈∂u, ∂u〉 = e2λ(u), F = 〈∂u, ∂v〉 = 0 and G = 〈∂v, ∂v〉 = e2λ(u),
then the Christoffel symbols Γ1 and Γ2 defined by (82) satisfy
0 = Ev = 2Γ
1E and 2λ′e2λ = Gu = 2Γ2G.
Hence Γ1 = 0 and Γ2 = λ′. Given a pair of smooth functions U˜ = U˜(u) and
V = V (v), the functions ϕU˜ and ϕV defined in the hyperbolic case by (84) are
given by ϕU˜ = U˜ and ϕV = V e2λ. By suitably modifying U˜ we have ϕU˜ = e2λU
and ϕV = e2λV , so, taking into account the definition of ρ (see (87)), we obtain
ρ = ρU˜V =
√
2e2λ(U + V ) + 1.
From the expression of Γ1 and Γ2, the operator Q in (83) reduces to
Q(θ) = θuv − Γ1θu − Γ2θv + Fθ = θuv − λ′θv.
Now,
ρv =
e2λVv√
2e2λ(U + V ) + 1
,
and so
ρuv =
2λ′e2λVv
(
2e2λ(U + V ) + 1
)− Vve2λ (2λ′e2λ(U + V ) + e2λUu)
(2e2λ(U + V ) + 1)3/2
,
which implies that 0 = Q(ρ) = ρuv − λ′ρv reduces to Vv(2λ′ − Uue2λ) = 0. This
equation is satisfied for V = k ∈ R or for U = c− e−2λ. Thus Cs is nonempty.
We point out that other examples of surfaces s : L2 → Sm1,1 as above can be
obtained by considering other types of orthogonal decompositions in (121).
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7. The Classification
We are now in a position to state and prove the classification of hypersurfaces
f : Mn → Rn+1 that carry a principal curvature of multiplicity n− 2 and admit a
genuine conformal deformation f˜ : Mn → Rn+2.
Theorem 7.1. Let f : Mn → Rn+1 be a hypersurface with a principal curvature
of multiplicity n − 2. Assume that f is not a Cartan hypersurface on any open
subset of Mn and that it admits a genuine conformal deformation f˜ :Mn → Rn+2.
Then, on each connected component of an open dense subset of Mn, it envelops a
two-parameter congruence of hyperspheres s : L2 → Sn+21,1 which is either an elliptic
or hyperbolic surface with non-empty associated set Cs.
Conversely, any simply connected hypersurface f that envelops a two parameter
congruence of hyperspheres s : L2 → Sn+21,1 that is either an elliptic or hyperbolic
surface and is such that the set Cs is non-empty admits genuine conformal defor-
mations in Rn+2 which are parametrized by Cs.
Proof. Composing f with an inversion in Rn+1, if necessary, we may assume that
the principal curvature of f with multiplicity n − 2 is nowhere vanishing. By
Proposition 4.2, on an open dense subset ofMn, the hypersurface is either elliptic or
hyperbolic and admits a triple (D1, D2, ψ) satisfying all conditions in the statement
of that result. By Lemma 5.2, the two-paramenter congruence of hyperspheres
s : L2 → Sn+21,1 that is enveloped by f is either an elliptic or hyperbolic surface,
respectively, and the triple (D1, D2, ψ) projects down to a triple (D¯1, D¯2, ψ¯) on L
2
satisfying all conditions in that lemma. We conclude from Proposition 6.1 that
(D¯1, D¯2, ψ¯) gives rise to an element of Cs.
Conversely, suppose f : Mn → Rn+1 is a simply connected hypersurface that
envelops a two-parameter congruence of hyperspheres s : L2 → Sn+21,1 that is either
an elliptic or hyperbolic surface, and is such that the set Cs is non-empty. By
Proposition 6.1, each element of Cs gives rise to a triple (D¯1, D¯2, ψ¯) on L2 satisfying
all conditions in Lemma 5.2. Then, it follows from Lemma 5.2 that f is either elliptic
or hyperbolic, respectively, and that (D¯1, D¯2, ψ¯) can be lifted to a triple (D1, D2, ψ)
onMn satisfying all conditions in Proposition 4.2. Proposition 4.2 then implies that
each such triple yields a genuine conformal deformation f˜ : Mn → Rn+2 of f .
Finally, by Proposition 4.2, Lemma 5.2 and Proposition 6.1, there are one-to-one
correspondences between (congruence classes of) genuine conformal deformations of
f in Rn+2, triples (D1, D2, ψ) onM
n as in Proposition 4.2, triples (D¯1, D¯2, ψ¯) on L
2
as in Lemma 5.2, and elements of Cs. In summary, genuine conformal deformations
of f in Rn+2 are parametrized by Cs. 
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